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Chapter 1 
Introduction 
Nowadays a number of research groups are interested in studying the properties of several 
small systems (~ nanometer size). Such small systems are available abundantly in nature and 
found throughout physics, chemistry and biology. For example, these systems range from 
magnetic domains in ferromagnets (smaller than about 300 nm) to the biological molecules 
such as motor proteins (size from 2-100 nm). The solid like clusters with dimensions of few 
nanometers are important in relaxation of glassy systems. Many properties of these small 
systems, not observed in macroscopic systems, are the consequence of their microscopic 
size. To experimentally explore and theoretically understand the striking properties of these 
small systems is an interdisciplinary area of research which is currently being pursued 
vigorously [1]. 
There are two main reasons for the scientists to get attracted towards study of small systems 
found in nature - the first is to utilize the energy resources available at microscopic scale in 
our surroundings and another one being the development of miniaturized devices that are 
used in the gadgets of day-to-day life e.g. refrigerator, washing machine, television. 
computer etc. To minimize the size of a device it is necessary to reduce the size of its engine 
that can work as before or more efficiently. A thorough study and understanding that how 
biological molecules such as motor proteins perform their work inside a living cell, may 
provide a clue to construct the artificial nano-devices. Nowadays scientists are investigating 
the dynamics of small biological motors i.e. the proteins which are usually called as ihe 
molecular motors. These motors are responsible for converting chemical energy into useful 
forms of work within the cell. Unlike macroscopic motors these systems operate far away 
from equilibrium states dissipating energies continuously and making transitions between 
steady states. The working of these molecular motors can be understood in terms of concepts 
and laws of physics. 
Further, we would like to point out the difference between microscopic and macroscopic 
systems through a simple example [2]. We consider the case of heat conduction through a 
piece of rubber, an assembly of a number of single polymer fibers. At the microscopic level. 
heat conduction takes place through the molecules linked along a single polymer fiber while 
at the macroscopic scale, the all the polymer fibers that constitute the piece of rubber 
participate in the transformation of heat simultaneously. The main difference between these 
two cases is the amount of heat transmitted through the system per unit time. For the 
microscopic case heat transmitted may be of the order of a few ksT per millisecond (where 
kg is the Boltzmann constant and T is the absolute temperature) while for the macroscopic 
case it may be of the order of NfkgT where N^ is the number of polymer fibers in the piece 
of rubber. The difference between these two scales can also be under stood in terms of 
fluctuation phenomena. The fluctuations are deviations from the observed average behavior 
of the system. In the macroscopic case, the amplitude of heat fluctuations is of the order of 
1/Nf while for microscopic case it is given by 1. Since N^ is very large, the relative 
magnitudes of heat fluctuations are negligible for the piece of rubber as compared to the 
single polymer fiber. Therefore, the single polymer fiber is treated as a microscopic system 
whereas the piece of rubber is a macroscopic one. Thus a small system need not be 
necessarily of molecular size instead it may contain a few number of molecules. In the 
example just discussed above, a single polymer fiber acts as a small system despite the 
millions of monomer units, covalently linked with each other are there. 
Among all the small systems mentioned earlier, the biological small systems are the ones 
which we would like to discuss in the present review work. Before we come to our main 
theme of molecular motors, we present a brief survey of some of the biological components, 
relevant to the theme of the present work, forming the parts of a living cell. In any living 
organism, a single cell is called as the fundamental unit of life. The size of different cells is 
of the order of few tens of micrometers. These cells have several organized substructures 
(organelles); the most common among these are the nucleus, mitochondria, endoplasmic 
reticulum, golgi complex, ribosomes and lysosomes etc. (as shown in figure 1.1). All the 
organelles and molecules are found within a viscous fluid inside the cell which is known as 
cytoplasm. The cells are mainly divided into two classes —eukaryotic cells and prokaryotic 
cells. The basic difference between these two is that eukaryotes contain a central core, called 
nucleus while prokaryotes are without nucleus. Here, we are concerned only with the 
eukaryotic cells. Since the size of a cell ranges to several micrometers, therefore, the sizes of 
organelles and molecules corresponds to a few micro and nanometers, respectively. 
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Figure: 1.1. A eukaryotic cell structure. 
The present work is a review on the understanding of the behaviour of molecular motors in a 
living cell. These molecular motors are also known as motor proteins or motor particles or 
molecular machines etc. The motor proteins have the following characteristic properties [2] -
• The size of a molecular machine ranges to a few nanometers. 
• The small energies required for proper functioning of these motor particles is given 
by the energy extracted from the hydrolysis of one molecule of adenosine 
triphosphate (approximately 7 kcal/mol ^ 30 kj/mol ^ llk^T at room 
temperature). 
• Typically short time is taken by these molecules to complete the intermediate steps 
in biological reactions. 
On the basis of above properties, the motor proteins are classified as small systems. Next we 
discuss in brief the basic biological knowledge related to molecular motors. 
The molecular motors, primarily composed of amino acids linked together into long chains 
by peptide bonds, are the protein molecules. These are one of the very important units of a 
living cell. A eukaryotic cell, found in contemporary animals and plants, contains up to one 
billion of protein molecules. In a single cell of a vertebrate, there are about ten thousand 
different types of proteins. There is a protein scaffold of eukaryotic cells, called as 
cytoskeleton, which creates and maintains a high level of organization so that a living cell 
might be compared to a city in various ways [3]. A eukaryotic cell has a variety of molecular 
motors in every eukaryotic cell. These differ in a number of ways as; in the types of filament 
to which these bind, in the direction of movement along filament, and in the cargo these 
carry. A detailed description on the classification of molecular motors and their specialized 
tasks is given in the next chapter. 
The biomolecular motor proteins operate in a domain where length, time, force and energ\ 
are measured in the units of nano-meter, mili-second, pico-Newton and ki^T. respecli\cl> 
[4]. Inside the cell, the molecular motors are subjected to two dominating forces. The inertial 
forces acting on the molecular motors are small compared to the viscous force due to the 
extremely small mass of the motor. Therefore, the dynamics of molecular motors is 
dominated by the hydrodynamics at low Reynold's number. Moreover, these motors are also 
bombarded from all sides by the randomly moving water molecules (cytoplasm) due to 
which these experience an additional random force that leads to the noisy trajectories of 
motors. Hence, it can be said that the physics at the microscopic scale becomes very 
different as compared to that for macroscopic level. All the processes inside the cell occur 
under non equilibrium conditions in a very noisy environment. A system that operates under 
non equilibrium conditions cannot be described by equilibrium thermodynamics and 
statistical mechanics. Therefore, several theoretical results which are collectively known as 
Fluctuation Theorems (FTs) have been derived in mid 90's [2]. These theorems make 
specific predictions about energy processes in the small systems that have been verified in 
the laboratory. FTs provide statements about energy exchanges between system and 
surroundings under general non equilibrium conditions. Since the discovery of FTs was in 
mid 90's, interest has been growing in elucidating their importance. Several FTs have been 
proposed for deterministic, stochastic and thermostated systems. Since different FTs are 
derived by using different model of dynamics, their results are obtained in different forms 
but all these are equivalent to each other. Two remarkable relations Crooks Fluctuation 
theorem [5] and Jarzynski non equilibrium work theorem [6] are established during last 
decade that are found very useful to illustrate various models for the molecular motors. A 
brief discussion of these two relations is presented in chapter 3. 
In the earlier years, the experimental techniques to investigate the properties of the 
microscopic systems, were not available. But with recent advancement in the technological 
development, the scientific instruments have been designed to perform experiments on 
microscopic scale with very high sensitivity and precision to manipulate and visualize 
individual molecules. These instruments are capable of measuring the forces of the order of 
pico-Newton on the single molecules. These single molecule experiments (SME) have made 
simple the studies of biological systems and, therefore, SME are called as the bridge 
between physics and biology. The single molecule techniques include Atomic Force 
Microscopy (AFM), Optical Tweezers (or Laser optical tweezer), Fluorescence resonance 
Energy Transfer (FRET) etc. Among these techniques the optical tweezers are the most 
frequently used to trap the single molecule [7]. 
An optical tweezer, a very sensitive instrument, is capable of manipulating micro and 
nanometer sized dielectric particles by applying very small forces using a highly focused 
laser beam. A schematic basic arrangement of an optical tweezer is shown in figure 1.2 
where a laser beam is focused through a microscopic objective to a spot on the specimen 
plane. This is called an optical trap which holds the particle from its center [8,9]. 
The basic principle of operation of an optical tweezer is the momentum transfer of the light 
beam while passing through an object (bead). Since there is a momentum associated with a 
light beam, the bending of light beam as a result of reflection and refraction causes a change 
in the momentum of the beam. Then, the conservation of linear momentum implies that 
there must be an equal and opposite change of momentum of the bead also. This change in 
momentum change results in a force on the bead directed towards the center of the beam and 
the bead is optically trapped [9], 
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Figure: 1.2. Experimental setup for an optical tweezer [9]. 
The optical tweezers can be used to trap dielectric particles, viruses, bacteria, single bio 
molecule and even the strands of DNA (Deoxy ribonucleic acid). The tweezers are widely 
used in two areas — to study the molecular motors and to find out the properties of DNA. A 
single molecular motor (Kinesin, Myosin or RNA polymerase) or a single DNA molecule is 
biochemically attached to a micron-sized polystyrene or silica bead and then it is trapped in 
the focus of laser beam by exerting forces in the range of 0.1 - 100 pN depending on the 
size of the bead and power of the laser beam. To a good approximation, the optical trapping 
potential is harmonic that is the force acting on the particle is directly proportional to the 
distance between the bead and the center of the trap. 
Nowadays, Atomic Force Microscopy (AFM) is a widely used and commercially available 
single molecule technique [7] and allows one to take images of individual molecules 
adsorbed into the surfaces. AFM is also used to manipulate and exert mechanical force on 
individual molecules. The development of many other experimental techniques has provided 
a tool to test various theoretical results (fluctuation theorems) that are applicable to non 
equilibrium thermodynamics. 
Although there is much variation in design and behavior among all the molecular motors 
that are found in a single living cell but there are some evidences that suggest a common 
generic and unique mechanism for the working of most of these motor proteins. This unique 
mechanism arises from one of a fundamental and basic princip!e--Brownian motion 
principle. The theory of Brownian motion covers a wide range of applications in physics. 
chemistry and biology but the descriptions of the mechanism of motor proteins is one of its 
very important applications which comes across the interface of physics and biology. 
Therefore, before describing the mechanism of these motor proteins, we first discuss the 
theory of Brownian motion. 
The phenomenon of Brownian motion was observed for the first by Robert Brown (a famous 
botanist) in 1827. Brown observed a random motion of pollen grains in water through a 
microscope that was later named as Brownian motion. Brown could not provide any 
explanation for this motion. Later on, following the Brown's work, several other scientists 
studied Brownian motion in detail but no one could give its satisfactory explanation. 
Einstein [10] was the first who elaborated the theory of Brownian motion in detail. 
Figure: 1.3. A large Brownian particle of mass M, immersed in a fluid of much smaller and 
lighter particles. 
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Einstein assumed that when a particle of mass M (as shown in figure 1.3) and size of about 
one micron is suspended in a fluid, it performs a perpetual motion on account of the random 
bombardments of the fluid molecules that are much lighter in comparison of the Brownian 
particle. Although the average position of the Brownian particle does not change with time, 
but the quadratic average of the position of the particle grows linearly with time [11]. The 
mean square displacement, (x^) of a spherical Brownian particle of radius r, in time t is 
given by — 
(x2) = t (1.1) 
where R is the Gas constant. N^v is the avagadro number, r is the radius of the spherical 
Brownian particle and is the viscosity of the fluid while T is the absolute temperature. 
By taking an example of a spherical Brownian particle of radius one micron, Einstein 
showed that the {x^) would be of the order of few microns when observed over a period of 
one minute. Along with an expression for (x^) of a Brownian particle. Einstein also 
established two more important results. One of these is as following which is generally 
termed as the Einstein relation that relates the diffusion constant D with the coefficient of 
viscous drag y — 
YD = ksT (1.2) 
where kg = R/N^v and y is given by y '- ^Tvqr. 
Diffusion coefficient. D is a measure of fluctuations in the positions of Brownian particle 
and Y is the measure of energy dissipation, therefore, equation (1.2) is a consequence of 
more general theorem, fluctuation-dissipation theorem. Then, <x^) given by eq. (1.1) 
becomes ~ 
(x2) = 2Dt , (1.3) 
Another important result was the diffusion equation for a free Brownian particle — 
dP d^P 
where P(x, t) is the probability distribution of the Brownian particle at any time t. 
According to second law of thermodynamics, it is not possible to extract useful work out of 
the unbiased random Brownian motion. However, there are many small scale s>slems 
(including molecular motors) which lead to a directed motion by extracting energy iVom 
random fluctuations in their environment and hence appear to violate the second law of 
thermodynamics. But this is not actually the case, there is a way out that avoids the violation 
of second law, which is that these systems perform their work away from equilibrium. Since 
the constraints of the second law are valid only for equilibrium systems, therefore, one 
cannot apply these constraints to the small scale systems described above [12]. 
To illustrate the point raised in the above paragraph, Feynman [13] introduced a ratchet and 
pawl device of microscopic size and pointed out that the work can only be generated from 
the non equilibrium fluctuations. Feynman further showed that besides the breaking of 
thermodynamic equilibrium there is another requirement essential to rectify random thermal 
fluctuations, which is the spatial inversion asymmetry of the system. However, there are 
various ways to fulfill this requirement but most often, the spatial inversion asymmetry in a 
periodic system is broken itself intrinsically i.e. already in the absence of above mentioned 
non equilibrium perturbations. This is the most common situation and typically involves 
some kind of periodic and asymmetric, so called, the ratchet potential. The above two 
conditions (breaking of thermal equilibrium and spatial inversion asymmetry) are 
generically sufficient for the occurrence of directed motion by extracting random 
fluctuations of the system of interest. The Feynman ratchet and pawl experiment was 
considered as the first model to describe the rectification of thermal fluctuations inherent to 
the system [14]. 
An important application to the rectification Brownian motion is the molecular motors. 
These run on the principle of rectification of Brownian motion and generate mechanical 
force and motion. The two essential requirements are fairly fulfilled by these motors. The 
interaction between motor and filament gives rise to an asymmetric and periodic ratchet 
potential. The another essential requirement of driving the system away from equilibrium is 
fulfilled by using the free energy released from the chemical reaction as an external energy 
input. This external energy source, provided by ATP hydrolysis, enables the motor to 
undergo transitions between different states and when these transitions break the detailed 
balance, a directed motion arise in the system (figure 1.4) [15]. In order to move, the motor 
consumes r ATP fuel molecules per unit time, which are hydrolyzed to ADP and 
phosphorous. 
To explain the directed transport, which molecular motor performs inside the cell, the 
ratchet mechanism is a very suitable. In this mechanism one has to focus on the potential 
landscape, a motor experiences and on the enzymatic activity of the motor. The movements 
of the motors and their enzymatic activities (chemical reactions) are coupled and the wa> 
this coupling is treated differentiates between different theoretical models. The concept of 
molecular motors and its relevance to ratchet motion have been unraveled in several steps 
starting with Huxley's important work on muscle contraction [16] and later continued by 
Leibler [17], Magnesco [18], Prost, Ajdari [19], Astumian. Oster, Bier [20] and several 
others. 
ATP ^ = ADP + P 
V 
Figure: 1.4. Schematic representation of a motor particle: by hydrolyzing ATP, the motor 
proceeds along the polar flament and carries a 'cargo' molecule [15]. 
The fundamental understandings of the working of these molecular motors may help to 
expose the causes of motor related diseases in a human body. There are many diseases or 
defects in which molecular motors play an important role. As for example, people with 
Griscelli Syndrome (GS) have a mutation in the motor myosin V. A typical symptom in 
patients with GS is their silvery hair. Another syndrome named as Usher's syndrome is 
caused by mutations of myosin Vll and the symptoms of this syndrome are a loss of hearing, 
night blindness and a loss of peripheral vision [3]. 
In chapter 2, we have presented a classification of various types of molecular motors and 
their motion in a eukaryotic cell but our focus is on the cytoskeletal motors only. The 
structure of cytoskeletal motors and filamentary tracks, on which these move, have been 
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described. Several motility regimes for the movements of molecular motors have also been 
discussed. A brief discussion is made on the lattice models for motor traffic along with the 
motor movements in a tube like compartment that reflects the traffic of motors in axons. 
In chapter 3, we have discussed some basic terminologies, the Langevin equation, Fokker-
Planck equation, particle current etc. necessary to understand the behaviour of our system of 
interest (motor particles). An archetypal model for a Brownian particle is discussed that 
shows the necessary conditions to ftilfill for the rectification of random thermal fluctuations. 
The ratchet effect, a very important concept, has also been studied by a temperature ratchet 
model. At the end of this chapter a brief discussion is made on Fluctuation Theorems thai 
includes mainly Crooks fluctuation theorem and Jarzynski work relation. 
Some ratchet models for these molecular motors are described in chapter 4, by assuming a 
single motor protein as a Brownian particle. This chapter is started with Feynman ratchet 
and pawl motor and includes a fluctuating potential ratchet model, rocking ratchet model, a 
chemically driven flashing ratchet model, a model for a two headed motor considered as two 
nonlinearly coupled Brownian particles and a recent model for single headed kinesin. 
KIFlAmotor. 
A discussion on long range cargo transport by several molecular motors forms the content of 
chapter 5. Our discussion in this chapter is limited to only unidirectional transport by one 
motor species. 
We have summarized our work in the last chapter. 
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Chapter 2 
Movements of Molecular Motors 
All the living organisms are composed of cells which contain complex assemblies of 
molecules. Roughly, the size of a multi cellular organism ranges from meters to millimeters. 
A cell has size from millimeter to micrometers and dimension of molecular assemblies 
ranges from micrometers to nanometer. The protein molecules which range from 20 lolOO 
nm, are very important to these molecular assemblies. Motor proteins perform several 
specialized tasks and are able to generate force and motion for specific cellular functions. 
For example; (i) the intracellular transport of various organelles and vesicles from one 
compartment of cell to another is accomplished by the cytoskeleton motors (Kinesin. 
Dynein, and Myosin), (ii) the process of muscle contraction is also a net result of force 
exerted by a protein motor (myosin-II) on periodic track (actin filament) and, (iii) in the 
building process of ATP in mitochondria and chloroplast, the motor protein F-ATP synthase 
produces a rotary torque that helps in the release of newly synthesized ATP from Fi motor. 
The membrane bound motor proteins (P-type ion pumps) transport anions against chemical 
concentration gradients to maintain cellular shape and function [21]. 
From the preceding paragraph, it is to be noted that there are various types of molecular 
motors which can be classified on the basis of their specified functioning inside the cell 
[22]-
1. Nucleotide-based molecular motors - Helicases and polymerases (DNA and RNA 
polymerase) etc are examples of such motors. DNA and RNA polymerases are the 
essential components for the processes of replication and transcription, respectively. 
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while a molecular machine ribosome is used in the process of translation (Protein 
synthesis). 
2. Cytoskeleton-based molecular motors — These motors have three super families--
Kinesins, Dyneins and Myosins. These bind with cytoskeletal filaments and make a 
directed motion along the filament. A further classification is made depending on 
different filaments on which these move — (i) cytoskeletal motors that move on the 
microtubular filaments are kinesins and dyneins and, (ii) motors moving on the actin 
filaments are myosins. 
3. Rotary motors — Bacterial flagellar motor and FQFI ATP synthase are their examples. 
These motors are mainly used for cell locomotion and ATP synthesis. ATP synthase is a 
multi subunit complex and is located in the inner membrane of mitochondria, thalykoid 
membranes of chloroplasts and in the plasma membranes of bacteria. It is composed of 
two rotary motors— Fo and F| and these can work in two modes: in the first mode as an 
ion pump and in the other one as an ATP synthesizer. The F| motor generates a rotar\ 
torque using the free energy released from ATP hydrolysis, therefore, in this mode F-
ATP synthase motor operates as an ion pump. While Fo motor containing a proton 
channel produces a rotary torque in a direction opposite to that Fl motor using a 
transmembrane proton motive force. In this mode F-ATP synthase motor act as an ATP 
synthesizer. 
4. Membrane pumps - These motors are responsible for transporting ions and small 
molecules across membranes. 
All the molecular motors, mentioned above, use chemical energy released from A IP 
hydrolysis, ion gradients or the redox reactions as their energy input but most of the motor 
proteins (mainly cytoskeleton based motors) are powered by free energy released from ATP 
hydrolysis. 
Among these four types of motors, we shall discuss only cytoskeleton-based molecular 
motors in detail and a little about the nucleotide-based motor. 
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2.1 Nucleotide-based Motors 
Among the nucleotide based motors polymerases are further classified as ~ DNA and RNA 
polymerase. These two motors play a very important role in the transfer of genetic 
information inside the nucleus of the cell. The genetic information transfer processes have 
three variants - Replication, Transcription and Translation. These motors use one of two 
DNA strands as their tracks in the above processes [23]. 
2.2 Cytoskeleton-based Motors 
The cytoskeleton based molecular motors, called as nanomachines. play crucially important 
biological functions like intracellular transport of various organelles and vesicles, cell 
division and cell locomotion etc. These motors use the free energy released from ATP 
hydrolysis to, and to produce directed motion along the filamentary tracks. 
The cells of all animals and plants have three super families of cytoskeleton based motors-
(i) Kinesins, (ii) Dyneins, (iii) Myosins. Most of these motors have two heads, which are 
used as legs to bind and move along filaments. The motors bound to the filaments, undergo 
a cyclic sequence of conformational states which is called as motor cycles. These cycles 
enable a motor to convert the chemical energy of single ATP molecule into mechanical 
motion (discrete steps) along the track. Most of the cytoskeletal motors for example Kinesin 
1 and Myosin V walk in a hand over hand fashion along the filament which is just similar to 
human walking that is the two heads of motors step forward in an alternating manner such 
that rear head always move in front of the leading head. Each step corresponds to a motor 
displacement of about 10 nm which is comparable to the size of the motor heads. If ATP 
concentration is sufficient, the motor can make about 100 steps in 1 second leading to the 
velocity of 1 \im/s [22]. 
Another kind of mechanism [24] which is known as the inchworm mechanism has also been 
proposed for the motion of the two headed motors. In this mechanism, one head always 
leads i.e. both heads do not exchange their positions. The leading head always remains 
leading while the trailing head always remains trailing. Thus, the leading head makes a 
forward step on the microtubule and the trailing head follows it. To understand it in a better 
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way one can think of it as tiie two heads connected with a spring so that the stepping of the 
first head will strain the spring that causes the second head to follow the first [24]. The two 
types of walking styles of molecular motors just discussed above is depicted in figure 2.1. 
(A) 
''• i, 1 1. 
I 
Figure: 2.1. Two possible walking styles of a motor particle (A) hand over hand motion. (B) 
Inchworm motion [24]. 
From the physical point of view, the directed walks of cytoskeletal motors are quite 
remarkable as these motors are very small in size and survive in a very noisy environment. 
For example, each head of kinesin with a linear size ~I0 nm will be easily perturbed by the 
random thermal collisions with adjacent water molecules. But the directed movement of 
these motor proteins reveals that these are able to escape from the surrounding thermal noise 
and fluctuations. In general, the noise or fluctuations in any system of interest is thought to 
be an unwanted effect which reduces its working efficiency and, therefore, one alwa\s tries 
to reduce such effects. But in context to biological systems (and various other non 
equilibrium systems) the noise plays a very "constructive role" in making the motor proteins 
to perform their work with high reliability, adaptability and efficiency in such a noisy 
environment [25]. 
2.2.1 Design of the Filamentary Tracks 
In a eukaryotic cell, there is a network of polymer filaments which is nameed as the 
"cytoskeleton". These filaments radiate from centrosome, a structure near the nucleus of the 
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cell, to the periphery of the cell and so support the shape of the cell as shown in figure 2.2. 
These filaments act as the paths (same as the roads for car. motorcycles and other vehicles) 
along which nutrients, wastes, vesicles, various organelles etc. are transported in the 
packages by specific motor proteins. The cytoskeleton is formed of three different types of 
protein filaments—(i) Actin filaments, (ii) Microtubules, (iii) Intermediate filaments. 
Microtubules (shown in figure 2.3) are the cylindrical, hollow and moderately flexible tubes 
with an outer diameter of about 25 nm and an inner one of 17 nm. An overall length of these 
filaments ranges to a few micrometers. The primary constituent of microtubules is a protein 
called "tubulin". Tubulin is a dimer of two very similar globular proteins a- and P- tubulin 
and both have a diameter of 4 nm and these give the total length of dimer about 8 nm. These 
dimers assemble sequentially to form a protofilament. A sheet formed by 13 such 
protofilaments, folds to form a microtubule. Although the protofilaments are parallel to each 
other, there is a small offset of about 0.92 nm between the dimers of neighboring 
protofilaments that gives a total offset of 12 nm between the first and last protofilament of 
the sheet. 
Figure: 2.2. Organization of microtubules in a eukaryotic cell [26]. 
The asymmetry of the arrangement of these a-P heterodimers and their parallel head to tail 
arrangement results in the polar nature of the microtubules [4]. At the one end of the tubule 
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all the protofllaments have their a- tubulin protein that gives a negative polarity to this end 
whie at the otier end, ail pctfilaments ends with P-tubuiin and leading to a positive 
polarity to this end. Majority of kinesins are positive end directed whereas most of dyneins 
are negative end directed. Each dimeric subunit of microtubule has one binding site for a 
motor, therefore, the minimum step size of kinesin and dynein motors have a minimum step 
size of 8 nm. 
The actin filaments (shown in figure 2.4) are the fibers of globular actin monomers. Each 
actin filament has a right handed double helical structure in which each strand of the double 
helix is composed of actin monomers. 
Soluble 
tubulin dimer 
Growing point 
Microtubule 
J= alpha tubulin beta tubulin 
Figure: 2.3 Structure of microtubule. 
These are about 8 nm in diameter and being the thinnest of the cytoskeletal filaments, are 
also called as microfilaments. The intermediate filaments have a diameter of around 10 nm 
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and consist of intermediate filament protein. The actin and microtubule tracks are used by 
molecular motors to carry cargos at their respective destinations as for example Kinesins and 
Dyneins move along the microtubules while myosins move along the actin filament. The 
intermediate filaments are not used as tracks, these are only to support the cell structure. 
single actin snbiinit 
• - ' # • • • 
t-
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Figure: 2.4. Structure of an actin filament. 
2.2.2 Design of Cytoskeletal motor proteins 
As described earlier, the cytoskeletal motor proteins have three super families — (i) 
Kinesins, (ii) Dyneins, (iii) Myosins. These are called the linear motors as these moves 
linearly on their tracks. A schematic picture of a linear molecular motor (kinesin) is shown 
in figure 2.5. The linear motors have a number of generic features in common. For example, 
these consists of three structural domains [4] ~ 
(i) Head has a catalytic domain (ATP binding pocket) which adsorbs and hydrolyses ATP 
and a microtubule binding site by which the motor binds to the filament. 
(ii) Stalk it is a very long rod shaped middle segment of the motor which is composed of the 
a-helical coiled coils. 
(iii) Tail is another end of the motor which consists of two bifurcated domains so that it is 
capable of grasping the cargo particles to be carried along the track. 
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Head 
Figure: 2.5. The Schematic figure of a kinesin dimer. 
In spite of above structural similarities among linear motors, there are some quantitative 
differences in their structural features and also striking differences in their biological 
function. For example, the head domain of kinesin is the smallest that of myosins is of 
intermediate size whereas the head of dyneins is very large. 
According to the latest nomenclature of Kinesins, the name of each member of the family 
starts with the word "kinesin" followed by a number (1,2,3 etc.). The majority of 
members of kinesin super family has the two heads but some of the kinesins are single 
headed also e.g. KIFl A motor; it is a brain specific molecular motor. Like all other kinesins, 
this motor also moves towards the '+'ve end of the microtubule with a velocity of the order 
of 12 \imJs which shows that KIFl A motor is one of the fast moving kinesin motors. The 
movements of single headed KIFl A motor has been modeled recently with a Brownian 
ratchet mechanism [14,19] which is discussed briefly in chapter 4. 
The conventional kinesin (kinesin-1) a double headed kinesin motor, has the size of each 
head of the order of 10 nm and the total length of the motor is about 110 nm [27]. A kinesin 
and a dynein motor moving towards the positive and negative ends, respectively, are shown 
in figure 2.6. Dynein is also a microtubular motor which consists of two heads but it has a 
more complex structure than for kinesin. In particular each head of a Dynein motor contains 
seven globular domains that are arranged in a ring like manner. Several of these domains 
can bind ATP molecules and hydrolyze these as well. The step size of dynein motor varies 
between 8 and 32 nm depending on the cargo to be carried. Another important point about 
dynein motor is that it seems to frequently switch between different protofilaments as it 
walks along the microtubule while the Kinesin motors move on the single protofilament of 
the tubule [27]. 
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Dyiieiii Kinesin 
Figure: 2.6. Kinesin and dyneins motors moving towards positive and negative ends 
respectively, on the microtubule [27]. 
Another class of the motor proteins which move on the actin filaments, is the myosin super 
family. Two of the myosins V and myosin VI have been found to move on the actin 
filaments in opposite directions as shown in figure 2.7, Myosin V consists of two heavy 
chains and two heads with a long neck or lever arm. Each lever arm contains six attached 
light chains as shown by the globular domains in figure 2.9. Each head has a single binding 
site for ATP hydrolysis. The step size of myosin V is 36 nm for the centre of mass 
displacement which corresponds to displacement of about 72 nm for a single head. 
Myoxiit 17 Myostii J' 
Figure: 2.8. Myosin V and Myosin VI motors moving towards positive and negative ends on 
an actin filament, respectively [27]. 
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Myosin V and Myosin VI move towards the plus (or barbed end) and negative or (pointed 
end) respectively, [27] as shown in figure 2.8. 
2.3 Intracellular Transport 
The cytoskeletal motors are mainly responsible for intracellular transport, a fundamental 
process for cellular function and survival. These motors, using chemical fuel (energy 
released from ATP hydrolysis), transport several types of cargoes e.g. membranous 
organelles, protein complexes and m-RNA etc. 
The dynamics of cytoskeletal motors depends directly on their ability to recognize and to 
attach and detach from their specific tracks. A motor is said to be attached if at least one of 
its heads remains bound to one of the equispaced binding sites on the filaments. An 
important parameter, characterizing the functioning of a motor is its efficiency. The concept 
of efficiency in the case of biological motors can be understood in terms of two key features 
[4] - processivity and duty ratio. 
Processivit>' is defined in three different ways depending on the experimental context. 
Biochemically, the processivity is defined as the number of ATP molecules hydrolyzed by 
the motor moving continuously on the track before detachment. While in micromechanical 
experiments, processivity is commonly defined as the number of forward steps along the 
track that motor takes before releasing from the track or it can also be said as the mean 
length spanned by the motor on the filament in a single run. In some other context, it may 
also be said as the attachment lifetime of the motor to the filament [4]. However, among all 
the three definitions given in the preceding lines, the average length spanned by the motor in 
a single run, is the most preferred one because it is convenient to measure experimentally. 
The duty ratio is defined as the fraction of the time that each motor spends in its attached 
phase. Let us suppose, during one cycle a motor spends an average time r^n attached to the 
filament and the remaining time Xoj-f detached from it or alternatively it can be said that !„„ 
is the time during which motor exerts its working stroke and T^/ / is the time taken in its 
recovery stroke. Hence the duty ratio r, is written as — 
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r = 
Here, in the following we quote from the literature [4, 27] the duty ratios and run lengths of 
the most commonly studied motors. In the myosin super family, the conventional myosin 11 
motor of skeletal muscle has a very low duty ratio $ 0.05) while t he unconventional myosin 
V and VI have the duty ratios of the order of 0.7-0.8. Therefore myosin II are like "rowers" 
while myosin V and VI are like "porters" [4, 27]. 
In the absence of load, the conventional kinesin bound to microtubules can move about 100 
successive steps without detaching from the track that corresponds to a large distance of 
about 1 |j,m [28]. Therefore, conventional Kinesin is one of the highly processive motors. On 
the other hand, the myosin II motors are strictly non processive as these spend a large 
fraction of time of their cycle, remaining unbound from the filament. The other motors that 
are moderately processive are dynein, myosin V and myosin VI etc. The Dynein motors 
make about 40 successive steps without releasing itself from the track [29]. Myosin V. 
which moves along the actin filaments makes about 50 steps before unbinding and 
corresponds to an average run length of about 1.5|a,m [30]. Myosin VI, on the other hand 
makes only about 9 successive steps having the average run length of about 280 nm [31]. 
The highly processive motors are optimized to work alone or in small clusters while the non 
processive motors are optimized to work in large ensembles such as the myosin II in skeletal 
muscles. 
2.4 Regimes of motor movement 
The motion of a motor particle along a filamentary track and in the surrounding solution is 
understood by dividing it into three motility regimes [22]; — (i) the molecular dynamics of 
the motor proteins behind the chemo mechanical energy transduction corresponding to a 
single step of the motor; (ii) the directed walks of this motor particle along the filament; (iii) 
the walks of the motor particles when it repeatedly unbinds from and rebinds to the 
filaments. 
2.4.1 Motor cycles 
One basic property of a motor (or any other machine) is its ability to undergo a certain 
sequence of states (or a cycle) and by repeating this cycle, the motor does some work or 
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convert one form of energy into another. Similarly, the molecular motors are also able to go 
through a cyclic sequence of conformations (or states) which represents a direct coupling 
between the chemical transitions and mechanical movements. The complete cycle in which 
the motor returns in its original state is called a motor cycle. These motor cycles are 
stochastic in nature and can be described by the driven Brownian motion. In order to be 
specific, we discuss the two headed molecular motor- kinesin. There is some experimental 
evidence [32-34] that the kinesin motor steps forward on the microtubules in a hand over 
hand manner (alternating forward steps by the two heads). It walks along the track in 
discrete steps leading to a center of mass displacement of about 8 nm while each head move 
forward about 16 nm. The corresponding stepping time is measured to be faster than 70 ).is 
[35]. The time taken by the whole motor cycle depends on the ATP concentration in the 
surrounding solution. For high ATP concentration, the cycle time becomes independent of 
this concentration and is observed to be of the order of 10 ms [22]. 
There are two different possibilities [27] for the release of hydrolysis products when an ATP 
molecule is hydrolyzed in the ATP binding pocket of one of the motor heads,: the phosphate 
molecule may release just after the release of the ADP or vice-versa. For kinesin. several 
experimental studies [36,37] show that the phosphate molecule is released first. Ihis 
indicates that each head of the motor can be in three possible conformational states 
depending on its ATP binding pocket whether it has no ATP molecule, an ATP molecule or 
an ADP molecule. These three states are symbolically represented by E (empty), T (ATP) 
and D (ADP) states. Since a single head may be in three different states therefore, the two 
heads may have 9 possible combinations of these states. All 9 possible combinations are 
shown in figure 2.9. (a). One of the transitions between any of these chemical states leads to 
the mechanical movement (a single forward step) along the track. The adsorption of an ATP 
molecule by the catalytic domain leads to the transition from state (E) to (T), ATP 
hydrolysis corresponds to the transition from (T) to (D) and ADP release leads to a transition 
from (D) to (E). Among these three states, (E) and (T) are strongly bound while the (D) is 
weakly bound and therefore (DD) is the most weakly bound state of the motor and in this 
state most of the time, motor remains unbound from the filament. To avoid the motor to be 
in (DD) state or for the motor to be processive, the two heads of the motor operates in a well 
coordinated manner. An essential component to this coordination is that the binding of ATP 
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on one head stimulates the release of ADP on the other head [38]. A good coordination 
between the two heads of the motor reduces the nine possible states of the two heads (as 
shown in figure 2.9. (a)) to only three states of the motor cycle Ci as shown in figure 2.9. 
(b). 
To have complete knowledge of a motor cycle, we need to correlate the transitions between 
the chemical states with the spatial displacements of the two motor heads. But it is 
noteworthy that a precise sequence of these chemical states corresponding to one forward 
step is not exactly known so far, however, the two cycles shown in figure 2.9. (b) (Ci and 
C2) are only two possibilities of sequence of states. There is again three possible situations 
in which the trailing head can take a single forward step along the track - (i) during the ATP 
adsorption at the leading head, (ii) during the ADP release from the trailing head, (iii) during 
the phosphate release from the trailing head. 
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Figure: 2.9. (a) Nine possible chemical states of a two headed motor in which each of the two heads 
can be in three possible states; (b) All possible states shown in (a) can be reduced to four states 
consisting of two coupled chemo mechanical cycles Ci and C2; arrow indicates the direction of ATP 
hydrolysis [27]. 
The detailed analysis of these three possibilities and a comparison with an experimental data 
conclude that the trailing head steps forward as the leading head adsorb ATP. It is also 
shown in figure 2.10 (b) that in both cycles, the trailing head which contains ADP (gray) 
steps forward when the leading head which was empty (white) binds ATP molecule. This 
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transition is shown by a dashed line in the figure which is common to both cycles. In cycle 
Ci, the stepping transition is followed by the ADP release from the new leading head while 
for cycle C2, the same transition is followed by the ATP hydrolysis at the new trailing head. 
Hence it is not exactly known that how the coordination between the two heads along the 
track, takes place and, therefore, it is a matter of further research [27]. 
2.4.2 Motor Walks 
In the previous section, we have discussed the movements of the motor proteins bound to 
the filaments. The nanometer size of motors and the pico-Newton forces involved in their 
movement implies that the typical binding energies are of the order of the thermal energy 
kgT. Therefore, thermal fluctuations are enough to unbind a motor from the filament. Thus. 
when the motor movements observed on the length scales that are large compared to their 
average run length (also named as walking distance - a distance covered along the filament 
before unbinding from it), these undergo the motor walks. The motor walks consist of 
directed movements along the filaments interrupted by random diffusive motion in 
surrounding solution. These motor walks generally occur when the cargo is transported 
along over large distances—centimeters or even meters as for example in axons. The axons 
are the tube like structures enclosed by the plasma membrane of the neuron. An axon 
connects the cell body of the neuron with the axon terminal. Figure 2.10 depicts 
schematically a neural cell and the transport along its axon. Inside the axon, the 
microtubules are oriented with their plus end towards the axon terminal and the minus end 
towards the cell body [22]. 
The traffic of molecular motors can be studied in a systematic way by using the bio mimetic 
systems which consists of a small number of components such as motor proteins, filaments 
and a few ATP molecules etc. In a typical bio mimetic motility assay, the filaments are 
surrounded by an aqueous solution which contains ions, ATP and also a small concentration 
of unbound motors. But the concentration of these unbound motors is so small that one can 
ignore the mutual interactions between these. In this situation the viscosity of the aqueous 
solution is close to the viscosity of water and, therefore, the unbound motors may undergo 
diffusive motion with a diffusion coefficient of the order of square micrometers per second. 
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But if a motor unbinds from the filament in vivo i.e. in real biological conditions, it can 
interact with a variety of macromolecules. filaments, membranes and organelles and all 
these are responsible for reducing its diffusive motion. 
It means that in vivo, even after unbinding from the filament the motor does not travel over 
large distances in solution and appears to rest near its detachment point on the filament. This 
seems to happen in slow axonal transport interrupted by some pauses. Figure 2.10 also 
indicates that traffic within an axon can be rather dense than any other part of the cell and 
thus may lead to the traffic jams. 
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Figure: 2.10. Two-way traffic of molecular motors in axons which contains the many micro 
tubules, oriented with their plus end towards the axon terminal and with thei| minus ends 
towards the cell body [22]. 
In order to study the motor walks as mentioned above, a class of lattice models have been 
introduced which incorporates the active movements of bound motors, random diffusion of 
unbound motors and the motor filament binding/unbinding dynamics [39]. These models 
may also account for motor- motor interactions such as their mutual exclusion from the 
binding sites of the filaments which leads to traffic jams like behavior. 
2.5 Lattice Models for Molecular Motor Traffic 
The lattice models [40,41] of driven diffusive systems have been studied extensively in the 
last few years. The asymmetric simple exclusion process (ASEP) in one dimension, first 
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introduced by MacDonald et al. [42,43], is the simplest form of the lattice model. In this 
model, particles hop on a one dimensional lattice with a strong bias to hop only in one 
direction and that is why it is named as 'asymmetric' simple exclusion process". The 
particles subjected to simple mutual exclusion means that the steps to the occupied lattice 
sites are forbidden. The first application of ASEP was made to the study of protein 
synthesis by ribosomes on the m-RNA track. 
The lattice models for biased and unbiased random walks of molecular motors as mentioned 
above are different from the lattice gas models in a very important way: the movements of 
motor proteins are only 'driven' as long as the motor is attached to the cytoskeletal filament; 
therefore driving is localized up to one or several lines only. Therefore, this model can be 
said as an ASEP with an additional property that the particles (motor proteins) can unbind 
from the track with a small probability, diffuse freely in the surroundings and rebind to the 
same or another filament [44]. 
In the models referred above, the motor movements are described as the random walks on a 
simple cubic lattice (in general three dimensional) as shown in figure 2.11. This provides a 
general theoretical framework into which one can incorporate all transport properties such as 
observed bound state diffusion coefficient D ,^, bound state velocity Uj, etc. which help in 
fixing the parameters of models. For simplicity, the filament is taken to consist of onl\ one 
protofilament corresponding to one dimensional line of binding sites. 
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Figure: 2.11. Lattice mode! for molecular motor traffic: Molecular motors step in a biased 
fashion along a filament (black line). With probability s/6, a motor unbinds from the 
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filament by stepping to an adjacent non-filament site. Unbound motors perform SN mmetric 
random walks and, when reaching a filament site, rebind to it with probability Uad [45]. 
In its bound state, the motor moves along the filament by making discrete steps of length /. 
which defines the lattice constant of the lattice. For the two headed Kinesin, the stepping 
length (or lattice constant) is 8 nm while for myosin V it is 36 nm. 
Here, it is assumed that all the moves of the motor occur at discrete time steps i.e. time is 
discretized. First, we discuss the case when a motor is localized at the filament. The bound 
movement of single molecular motor exhibits several time scales. The basic time scale is 
taken as the stepping time of the motor which is the average time for a forward step of the 
motor molecule. The recent experiments indicate that the stepping time of a two headed 
Kinesin is 70 |is or smaller. The average time during which the motor remains bound to a 
certain filament position without stepping forward or backward is called as the dwell time 
Trfw The dwell time of a motor depends on the ATP concentration in the surrounding 
solution. It increases with decreasing ATP concentration because the ATP molecules have to 
adsorb in the ATP adsorption domains of the motor heads The total cycle time to of a 
motor is the sum of its dwell and stepping time. So we may write, r^y = T^^^ + Tj, 
The above three time scales r^^, 1^^ and Tf, can be determined by the molecular dynamics 
of a single step of the motor. While in contrast, the walking time Atj, can be found from the 
dynamics of the many motor steps. The time scale At;, represents the average time over 
which motor remains bound to the filament before unbinding [22]. 
At each time step, a bound motor attempts to make a forward or backward step with 
probability a or ^ respectively. While it rests at the same site, with probability y. Finally, 
the motor hops to each of the adjacent non filaments site with equal probability n^d^/^ and 
unbinds from the filament, where e is known as the detachment parameter. The total 
unbinding probability per unit time is o^ = "^ad^l^ with the number n^d of adjacent non 
filament sites which is given by n^d = 4 and n^^ = 3 for the filaments in solution and 
filaments immobilized to a surface, respectively. These probabilities a,^, y and fg ^re 
related as -
a + ^ + y + £o = l 
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This dwell probability y defines the dwell time as r^ j^ ^ = r^K/Cl — Y) and the cycle time 
T^y = Tj, + Trfiv = Tj,/(1 — y). The bound state velocity and diffusion coefficient are given 
by Vb = {d- P)l/Tb and Di, = [d + p -{a- ^)^] F/2 T^ with a = a / ( a + /? + y) and 
^ = ^ / ( a +/? + y). The walking time, At;, of bound motor particle is related to the 
probability EQ as At^ = TJ, (1 — £o)/^o which implies the corresponding distance Ax^ = 
VhAth = / (a - P)/EO (using a + ^ + y = l - ^o)-
After, the motor becomes detached from the filament and undergoes the diffusive random 
walks on the three dimensional lattice which is taken to be simple cubic. The motor can hop 
to each neighboring non filament site with equal probability 1/6 per time T. Here, T is the 
basic time scale for the unbound motion away from the filament just analogous to T ,^. the 
basic time scale for bound motors. The T is related to the diffusion coefficient of unbound 
motors as T = f-/D^b- If an unbound motor attempts to hop to a filament site, it binds to 
the filament, with sticking probability Uad while this step may be rejected with probability 
l - r r , d [ 3 9 ] . 
In general, the lattice models are used to study the molecular dynamics of the motor walks in 
various systems. The simplest systems in which one can study the motor walks using a 
lattice model are the single filaments in unbounded geometries that is without confining 
walls. In this case, one can use the Fourier-Laplace transforms of the two and three 
dimensional lattice models to get the analytical solution for many quantities of interest [46. 
47]. 
2.5.1 Motor Traffic in Tube Like Compartments 
If one wants to analyze the traffic of molecular motors through axons (as shown in figure 
2.11), one has to consider the motor walks in confined geometries. The simplest system 
geometry can be provided by a single filament in a tube like compartment which exactly 
resembles to an axon. When the motor particles are placed into such a compartment, the 
motor walks will be affected by the compartment walls. The motors bound to the filament 
undergo directed motion and after few steps detach from the filament and diffuse freely 
within the tube. Now when the motor particle density is increased by adding more and more 
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of these particles to the system, the number of bound motors also increases until this number 
saturates because the filament becomes overcrowded. This overcrowding of the filament 
leads to the traffic jams which strongly reduces the transport by the bound motor particles. 
These jams are just analogous to jams of engines on railroads but there is a slight difference 
that these motors unbind from and rebind to the filament. 
Further, for illustration a cylindrical tube of length L and radius R is considered. This tube 
consists of a single filament which may be located along the symmetry axis of the cylinder 
that is in x-direction. One important point is that the length of the filament is just equal to 
the tube length. Since the filament (microtubule) is polar, the left and right ends of tube are 
also denoted by negative and positive charges and by convention the particles are moving 
from positive to negative end of the filament. 
%\¥ ^•r . JQ 
Figure: 2.12. Cylindrical tube of length L and radius R with a single filament located along 
the tube axis. 
Such a tube with a single filament is shown in figure 2.12. If the total number of the motor 
particles within the tube is denoted by A/^ ^ then the overall motor concentration can be 
defined as — 
mo ... .. 
Pmo = ^ ^ {l.l) 
To illustrate the movements of molecular motor in such a tubular compartment, the system 
is mapped onto a lattice gas model in a simple cubic lattice. As considered before, the lattice 
parameter 1 is the repeat distance of the filament. The tube is discretized in such a way that it 
consists of one line of binding sites which corresponds to the filament and yV^ unbound 
channels that are also the lines of lattice sites parallel to the filament. Then the cross 
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sectional area AQ of the tube is equal to AQ = (1 + N^h)^'^ wiiere for a sufficiently large 
tube we have AQ » ;r/?^ which implies that — 
TTR^ - (1 + /V,,)/2 (2.2) 
The boundary conditions at the tube ends play a very important role in finding the stationar\ 
states of the tube like compartments. The stationary states strongly depend on the way. in 
which the motors are inserted or extracted at the boundaries. There may be various types of 
boundary conditions that allow the insertion and extraction of the motors in various ways. 
But in order to obtain a well defined system, we apply the periodic boundary conditions in 
the longitudinal direction of the tube which means that the motor particles which make a 
forward step at the plus end re-enter the system from the minus end. This leads to a constant 
density profiles to for both bound and unbound motors. Therefore, we can say that with 
periodic boundary conditions, the system is translationally invariant parallel to the filament. 
This system can be realized experimentally by a closed torus like compartment as shown in 
figure 2.13. 
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S Figure: 2.13. Tubular compartment with periodic boundary conditions. The motor particle 
which make a forward step at the plus end re-enter the system from the minus end. This 
system could be realized experimentally by a torus-like compartment [44]. 
In the steady state, the translational invariance provides many important consequences 
first, the densities of bound and unbound motors are independent of the position along x-
axis, therefore, there cannot be any current of unbound motors along x-axis. This reveals 
that there is no net radial current in the tubular compartment. It means that there is only a 
bound current jt, on the filament while both the currents of motors — binding to and 
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unbinding from the filament and the radial currents of the unbound motors are balanced 
locally. This situation is called as the radial detail balance or radial equilibrium. Another 
important property of systems with periodic boundary conditions, is that, the number of A/,„o 
of motors in the system is conserved, which in general, is not applicable to the open systems 
[44]. 
Because of the radial detail balance or translational invariance along x-axis the constant 
densities Pb and p^b satisfy the following relation [44]— 
-pt, il-pub)=-f- Pub (1 - Pb ) with £ = 3£o/2 (2.3) 
which leads to. 
Pb = 
Pub (2.4) 
f/^ad + (1 - £/T^ad)pub 
Here, the densities pb and p^b are local particle number densities which satisfy, 
0 < Pb < 1 and 0 < pi,i, < 1 (2-5) 
Since the total number N^^g of motors is conserved, we can use the normalization condition. 
Pb + NchPub = 
Nr, (2.6) 
By substituting the values of densities from the above equation (2.6) in the radial detail 
balance equation (2.4), we may get the quadratic equations for both pt, and p^b separately 
and since in their solution one root is negative, a physically meaningful solution is given b\ 
Pub 
1^ad L \ n^d/ 
+ -1-N, ch' ^ + ^ ( l_^)) +4N,4l-^)^^ 
n. 
(2.7) 
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It is clear from the above equation that the unbound motor density explicitly depends on (i) 
the motor particle number per tube length, -^^, (ii) the number iV^ hOf unbound channels 
parallel to the filament which is related to the tube radius as N^h ~ n ( / H and, (iii) the 
probability ratio, e/nad- The bound motor density can be found by using eq. (2.4). 
Further, the bound motors moving with average velocity Vh generate the steady state current 
7b which is given by — 
J=jb^v,p,a-p,) (2.8) 
The bound current in the steady state is shown in figure 2.14 where the analytical solution is 
compared with Monte-Carlo simulation data [44]. This current increases linearly with the 
motor particle number per tube length /V„o/L, as -
^^""^ " 1 + (£/7r„,)/V, (2.9) adJIich 
for small value of yV^o/^-
J/V. 
mo 
Figure: 2.14. Reduced currenty/yj, through the tube with periodic boundary conditions as a 
function of the reduced particle number Nmo/L. The line is calculated from Eq. (2.5), ihe 
Monte Carlo data are obtained for a tube of length L = 200 and radius R = 25 corresponding 
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to channel number N^h^ 1940. The random walk probabilities are ^ = 0, y = 99/100, 
£ = IQ-'^, a = 1 - Y - 2 £ /3, and Uad = i [44]. 
From equation (2.8) it is clear that the current attains its maximum value (J/'^b - 1/4) 
forpb = 1/2, Pub = (£/7r„d)/(l + {^l-s^ad)) and from eq. (2.6) — 
1 g/^ad 
2 1 + {s/iiad^ A^moA^o + T ^ T T T ^ (2-10) 
And vanishes at A/^o/^ = 1 + ^ch i-^ -^  when the tube is completely filled. The graph shown 
in figure (2.15) is drawn for the parameter values A^ /^t = 1940 and e/Tr^d = 10"'^ which 
implies that the maximum is located which implies that the maximum is located at A/,„o/L ^ 
0.69 [22]. 
For small unbinding probability EQ — 2e/3, ratio f/Tr^^jbecomes small, and the bound 
current exhibits a narrow peak located at the small particle numbers; the maximum of the 
bound current is located at Nmo/L ^ 1/2. Thus, for small e/Uad, the motor transport is 
dominated by jams as the unbinding probability e is smaller in comparison to the binding or 
sticking probability Jiad and the bound current/b decreases for l / 2 < -^^ < 1 + N^h- ie.. 
for almost all accessible motor particle numbers. For small sticking probabilityTr^^, on the 
other hand, the ratio s/Uad becomes large, and the peak of the bound motors is shifted 
towards large motor numbers. The location of peak now attains its maximum value at 
^mo/L ~ 1/2 + Nek and the current increases monotonically with the number density 
N^JL for 0 < N^JL < 1/2 + yV,;,. 
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Chapter 3 
Stochastic Dynamics of Nonequilibrium 
Systems 
3.1 Langevin equation 
The Langevin equation, a stochastic differential equation (SDE), was introduced about 100 
years ago. It has become one of the most important and powerful tool for studying the noise 
induced phenomena in the systems that are coupled to a fluctuating environment [48], The 
advantage of this equation is that it provides a physically transparent description of the 
stochastic dynamics of non equilibrium systems. Also, this equation describes random 
motion of a Brownian particle in a simple way. 
In general, SDE contains a stochastic process ^(t), as one of the forcing terms. But. in the 
Langevin equation, stochastic forcing term appears linearly therefore, it is a special class of 
SDE. The general form of the Langevin equation can be written as following— 
d X dx 
-^+Y-^ = nxit),t)+g(x{tioat) (3-1) 
For the different systems the variable in the above equation, have the different meanings but 
to be concrete, x^t) is the particle coordinate, y j ^ is the frictional force moving through the 
viscous medium of the friction coefficient (coefficient of viscous drag) y, f(x, t) is the force 
field experienced by the particle (negative spatial derivative of the deterministic potential 
Vix, t) that is given by - ^^J ) and ((£) is a random force or noise term resulting from the 
fluctuating environment. The term gix.f) appearing in the stochastic forcing term tells 
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whether the noise is additive or multiplicative—if gix,t) is constant, noise is additive 
otherwise noise is said to be multiplicative. For example, the Langevin equation for a 
Brownian harmonic oscillator in one dimension is given by— 
d^X , dX 
M— = -M.^X-y--,F,(t), (3.2) 
where the random Brownian force F^it) represents the stochasticity that appear as an 
additive term in the harmonic equation. While in contrast the Langevin equation for Kubo-
oscillator is given by [11]— 
d^X , dX , , 
M _ = - M a , | ( 0 - y - , (3.3) 
where frequency 0)^(0 is random and thus stocahasticity is represented as an multiplicative 
term. 
3.1.1 Langevin Description of Brownian motion --
A real Brownian particle in a fluid of viscosity x\ is considered. The fluid molecules that are 
very small compared to the Brownian particle, constantly but discretely strike this Brownian 
particle, accelerating and decelerating it perpetually. A single collision has a very small 
effect on the Brownian particle, therefore, the Brownian motion observed in a microscope is 
a collective effect of rapid and random sequence of a large number of weak impulses. Since 
the number of collisions experienced by the Brownian particle is very large, it is better to 
describe this motion stochastically by using Langevin equation— 
mx = -V'{x) -YV + ^(t) , (3.4) 
where m is the mass of the Brownian particle, -yu is the frictional force experienced by the 
particle due to the viscosity of the fluid and ( ( t ) is the stochastic fluctuating force (or noise 
term). The fluctuating force is assumed to be [11]— 
(i) independent of the particle velocity v, and 
(ii) varies extremely rapidly as compared to the variation in v and the net displacement of 
the Brownian particle due to this random force is zero, therefore — 
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(^(0) = 0 (3.5) 
Further, the assumption (ii) above, implies that during small time interval At. v and ( 
change such that v(t) and v(,t + At) differ only infinitesimally but ^(t) and ^{t + At) have 
no correlation i.e. — 
<e(t)^(t')> = 2 D 5 ( t - t ' ) , (3.6) 
where D(- YRBT), a phenomenological parameter, is a measure of noise strength or 
intensity of noise. A further insight into the nature of the stochastic force can be provided by 
the spectral density [11] of the fluctuations which is just the Fourier transform of the 
correlation fijnction (3.6)— 
= 2 [ e-""'{^{x)^{T + t))dt (3.7) 
J — CO 
S{co) 
Eq. (3.7) implies that, if noise satisfies the condition (3.6), then S{a)) — AD. independent of 
oj.This specific form of noise is called "white". In most of the general cases, the spectral 
density of noise depends on the frequency ai and such noises are called colored noises. For 
the simplest description of Langevin theory of Brownian motion, one can assume ((t). 
Gaussian distributed (with vanishing mean). Therefore due to all above stated reasons the 
noise term in the eq. (3.4) is termed as "Gaussian white noise". 
3.1.2 Mean Square Displacement 
Let us consider the motion of a free Brownian particle (V(x) = 0) of mass m, in thermal 
equilibrium. So there can be no mean displacement of the particle since there is no preferred 
direction of space. Then the Langevin equation (3.4) reduces to the following form— 
mx = -yx + ^(t) (3.8) 
m — = - y x + ^(t) (3.9) 
Multiplying both sides by x then— 
dx 
mx—=-yxx-\-x^{t) (3.10) 
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m\-j-ixx)-xA = -YXX + x^(t) (3.11) 
On taking the ensemble average of the above equation, the second term on the right hand 
side becomes zero by eq. (3.5)— 
^(xx)-{x^) = -^{xx) (3.12) 
at m 
where T = m/Y is the relaxation time acts as a time constant for the system. From 
equipartition theorem we have— (x^) = kgT/m, then we may write— 
d 1 UBT 
— {xx) + -{xx)=-^- (3.13) 
Now, this is a linear differential equation linear in {xx), its solution is given by— 
k T {xx) = Ce-'/^ +-^ (3.14) 
y 
where C is an arbitrary integration constant. If the particle starts its motion from x = 0 at 
time £ = 0, then we get C = — fegT/y and therefore -
{xx) = -^{l-e-'/^) (3.15) 
Since we may write {xx) as —{x^}, therefore— 
2 dt 
2k T 
d{x^)=—^(l-e-'/')dt (3.16) 
Integration gives the required expression for the mean square displacement, 
For a free Brownian particle in thermal equilibrium, there are two limiting cases --
1. If t « T, we can use the approximation— 
t I t^ 
T 2x^ 
terms upto t^ which on substituting in (3.17), it reduces to 
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m 
2. If t » r, then using e ^^ ^ -> 0, and we get-
(3.18) 
(3.19) 
Thus, for the times t « r, Brownian particle moves "ballistically" while for the times L » r. 
it moves "diffusively" with the effective diffusion constant D = kgT/y. Here, we note that 
eq. (3.19) is identical to the eq. (1.3) derived earlier by Einstein through his diffusion 
equation approach. 
3.1.3 An archetypal model for a Brownian particle 
Reimann tT. aX. [14] considered a Brownian particle in one dimension with coordinate x(t) 
and mass m, whose motion is governed by the Langevin equation — 
mx + V'{x, t) = -yxit) + ^(t) 
where V{pc) is an asymmetric periodic ratchet potential with period L, that is 
V{x + L) = V{x) 
(3.20) 
(3.21) 
X 
> 
Figure: 3.1. An example of a ratchet-potential V {x) given by (3.22). It is periodic in the 
spatial coordinate with period L and exhibits a broken spatial symmetry [14]. 
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For convenience a simple potential has been chosen — 
Vix) = Vo[sin(27rx/L) + 0.25 s\n(4nx/L)] (3.22) 
which is plotted in figure (3.1). 
The Langevin equation (3.20) is written in a different form so that the left hand side 
represents a deterministic and conservative part of particle dynamics while the right hand 
side shows the dissipative and stochastic forcing terms due to the viscous friction and 
random fluctuating force respectively. As we know from eq. (3.5) and (3.6) that ^(t) is the 
Gaussian white noise with zero mean where ZykeT shows the noise intensity or the noise 
strength. Here y is the only particle property that characterizes the noise strength and 
therefore it is also called as the coupling strength to the environment. 
In the case of small scale systems, the fluctuation dynamics represents a good 
approximation if it is governed by the 'Over damped Langevin Equation" that is due to ver\ 
small mass m, the inertia term then becomes negligible [14]. Then eq. (3.20) becomes-
Yx(t) = -V'{x{t)) + m (^-23) 
To discuss this model further one should have knowledge about particle current which is 
described in the sec. (3.3). 
3.2 Fokker-Planck Equation 
Einstein was the first to provide the explanation about the diffusive motion of a Brownian 
particle. However, this approach was generalized later by several other researchers 
including Fokker, Planck, Smoluchowski etc. The generalized form of Einstein approach is 
now called as the Fokker Planck equation (FPE) [11]. 
The FPE plays a role in stochastic systems analogous to that of the Liouvulle's equation in 
the deterministic mechanical systems. More specifically, we can say that FPE describes in a 
statistical sense that how a system of interest evolves in time. The effects of fluctuations and 
dissipation can be understood by a time dependent Fokker Planck equation. It allows 
reducing a stochastic problem to a system of ordinary linear algebraic equations which can 
be solved by using standard numerical simulations. The solution of these equations gives 
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rise to the complete information about the transport properties of the system of interest as 
for example the molecular motors. 
The Fokker Planck equation is a deterministic partial differential equation which gives the 
time evolution of the probability density Pix.t) of finding particle at any point x. in time t. 
Since the total probability integrated over all space remains conserved (i.e. does not change 
with time), the probability density P(x, t) satisfies the equation of continuity — 
dPix.t) dj{x,t) 
where ]{x, t) is the corresponding probability current. 
Here, the probability density P{x, t) and probability current density 7(^, t) are analogous to 
the electrical charge density p and electrical current density pv respectively. 
To determine the time evolution ofP{x, t), Reimann ""^  " considered two special cases that 
are combined later to get the Fokker Planck equation. The first case is V'(x) = 0 i.e. the 
force free thermal diffusion of a Brownian particle with a diffusion coefficient D (= - ^ ) . 
Y 
Then from the diffusion equation (1.4), we get— 
— P{x,t)=D — P{x,t) (3.25) 
In the second case, ^(t) = 0 i.e. the particle is following a deterministic dynamics. Then 
from eq. (3.23), x = — V'{x)ly. In this situation, the probability density evolves according 
to the Liouville's equation -^ + —(py) = 0, where p corresp oid s to Pix.t) and v 
corresponds to x — 
d ^ d (V'ix) \ 
vA''''^-Tx[-r'^^''^) ^'-^'^ 
Since both equations (3.25) and (3.26) are linear in Pix,t), therefore on combining the two 
equations we get the Fokker Planck equation [14]— 
d , ^ d (V'(x) , J ksT d^ 
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where the first term on the right hand side corresponds to drift term while the second one is 
called diffusion term. It is clear from eq. (3.27) that FPE provides a deterministic approach 
as unlike the Langevin equation, no noise term appears in this equation. 
On comparing eq. (3.24) and (3.27), we get an expression for the probability current 
jix,t)— 
3.3 Particle Current 
Particle current is a very important quantity in context to the transport in periodic systems. It 
plays a key role to describe the different types of ratchet models for molecular motors. It is 
defined as the time dependent ensemble average over the velocities— 
(x) = (xiO) (3.29) 
As we know that the probability density P (x,t) has all the information about the system, 
therefore (x) should also be found out through P{x, t). A simple way to establish a relation 
between P{x, t) and (x) can be found by averaging equation (3.23) and taking into account 
the deterministic dynamics (^(t) = 0) i.e.{x) = — {V'{x))/y. Since the ensemble average of 
any quantity corresponds to the average with respect to P{x, t), therefore we may write — 
f^ r°° V'(x) {x)=\ xP{x,t)dx = - j Pix,t)dx (3.30) 
But this definition of particle current is not its generalized form as it is obtained from eq. 
(3.23), a particular case of stochastic dynamics. 
To find out the general form of particle current, we have to start with a general form of 
probability density describing the distribution of Brownian particles in space x and time t. 
In this case P {x, t) is defined as an ensemble average of the form [14]— 
P{x,t) = {S{x-x(t))) (3.31) 
which provides the normalization condition— 
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r dxP(ix.t) = l (3.32) 
Then, the probability current,/(x, t) in the continuity equation given in eq. (3.24) may be 
written as -
;(x, t) = {x{t)6{x - xit))) (3.33) 
Then we may define the generalized form of the particle current by partially integrating 
above equation -
f OO 
{x)= I dxJix.t) (3.34) 
J —OO 
Here, for specific stochastic dynamics (3.23), probability current J (x, t) is given by eq. 
(3.28). By substituting the value of/ (x.t) in eq. (3.34) we find out the required value of 
particle current given by eq. (3.30). 
To proceed with the stochastic model discussed in sec. 3.13, we want to determine the value 
of particle current by solving the Fokker-Planck equation (3.27) governing the probability 
density Pix,t). For this solution, the reduced probability density and reduced probability 
current have been introduced [14] as following -
OO 
Pix,t)~ y P{x + nL,t) (3.35) 
n=—OO 
OO 
Kx,t):= Y jXx + nL,t) (3.36) 
Pix + L,t) = P{x,t) (3.37) 
Then, from equation (3.32) and (3.34), we have -
I dxP{x.t) = 1 (3.38) 
(x) = j dxjix.t) (3.39) 
Jo 
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For the reduced probability density and reduced probability current, the continuity equation 
takes the form -
dt dx 
and the reduced probability current becomes — 
/(,,0 = -{^.^f|p(,0 (3.41) 
I Y Y dx] 
Further, the most interesting (useful) case is considered which is the behavior of particle in 
the long time limit, t -> oo which corresponds to a steady state in the reduced description i.e. 
the reduced probability density approaches to a steady state Psti^^ and hence J{x, t) -> /,f . 
then from equation (3.41) and (3.37), it follows that/^t must be zero [14] and therefore the 
solution i s -
Pstix) = Z- i e-i'M/'^fiT- (3.42) 
Z :^ I dx e-i'M/'^B^ (3.43) 
• '0 
Then, equation (3.39) implies that -
(x) = 0 (3.44) 
This analytical result [14] confirms that the stochastic model (3.23) represents an over 
damped Brownian motion under the influence of thermal equilibrium at temperature T. 
Equation (3.44) is in accordance with the second law of thermodynamics which ensures that 
the rectification of random thermal fluctuations cannot occur in a system which is in 
thermodynamic equilibrium. In other words, it can also be said that in spite of intrinsic 
asymmetry of the potential (figure 3.1) — there is no preferential direction of random 
Brownian motion at thermodynamic equilibrium. 
Further, to generalize above stochastic model, an additional homogeneous, static force F is 
imposed on the particle. The Langevin equation corresponding to a Brownian particle which 
is driven by the additional, homogeneous static force is given by — 
yx = ~V'{x(t)) + F + ( ( t ) (3.4S) 
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Here, it is useful to take an effective potential which consists of the ratchet potential along 
with the external static force i.e. V^ff - l^U) ~ ^^^ now it can be considered that the 
Brownian particle experience a potential Ve//- For example, it is considered that the external 
driving force F, is negative i.e. f < Othat pulls the particles towards left. For this case the 
effective potential is shown in figure (3.2). As a result obtained from eq. (3.44) for ¥ - 0. 
one should expect that for F < 0, the particles will move downhill i.e. (x) < 0 and for 
F > 0, the particles will move uphill i.e. ( i ) > 0 that is the sign of the particle current (x) is 
according to the external force applied. A typical quantitative behavior of this steady state 
particle current as a ftmction offeree F is shown in figure (3.3) (also called as load curve or 
characteristic curve) [14,49]. 
2 
Figure: 3.2. Effective potential, 1^// = l^W - ^f. "tilted towards left" i.e. F < 0 [14]. 
3.4 Ratchet Effect 
In general, we know that it is possible to extract certain amount of mechanical work from a 
thermal bath at a temperature T2 only if there is another bath of some lower temperature T|. 
This is true according to the second law of thermodynamics. Any object in a thermal bath at 
temperature T, undergoes random fluctuations of the order of/cgT. These fluctuations are 
very small for macroscopic systems while for the microscopic (especially nanometric) 
systems like biological motors: kinesins, dyneins etc., these fluctuations are much relevant 
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(useful). These nano devices can be considered as "Brownian motors'" which does useful 
work by rectifying the thermal fluctuations at microscopic scale. The underlying principle to 
these Brownian motors is called as the ratchet effect or briefly it can be said -
"The rectification of random fluctuations into useful work is termed as the ratchet effect" 
During the last few years significant efforts have been made to understood the basic physics 
behind the ratchet effect. This effect can be illustrated by considering an on-off ratchet 
model originally proposed by Bug and Berne [50] and later independently by Ajdari and 
Prost [51]. A temperature ratchet model is also a good example to understand the ratchet 
effect which we discuss in the following subsection. 
A 
•X 
V 
Figure: 3.3. Steady state particle current {x) versus F for the potential given by eq. (3.22) 
withY = L = Vo = kg = 1 andT = O.S [14]. 
3.4.1 Temperature Ratchet 
To discuss the mechanism of a Brownian motor by the temperature ratchet model, we 
proceeds from eq. (3.45) of our minimal ratchet model where an additional homogeneous 
static force F is also incorporated. Here, we consider the case that the temperature in 
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Gaussian white noise (given by eq. (3.6)) is subjected to periodic temperature variations 
having period T [49]. 
m)an) = 2YksT{t)8{t - n 0.46) 
T(t) = Tit + T) (3.47) 
Further numerical investigation can be made by talcing temperature as -
Tit) = f{\ + A slgn{s\n 2nt/T)] (3.48) 
where sign (x) denotes the signum function and |i4| < 1. Equation (3.48) shows that the 
temperature r ( t ) oscillates between the two values f (1 + A) and f (1 — A) at every half 
period T/2. Then the reduced particle density (3.35) for this temperature ratchet model is 
governed by -
-P(x,t)=—\—^ P(x,t + - ^ - ^ - ^ 
dt dxl Y J Y dx^ 
-P(x,t) \ ^_ (X't)\+-^T—^ZlP'^^'^^ (^-49) 
Since the temperature varies periodically with time T(t) the above eq. (3.49) cannot give 
rise to a time independent solution and therefore the reduced probability density Pix,t) 
cannot approach to a steady state, instead it follows a unique periodic behavior in long time 
limit. Then the generalized expression for particle current (3.39) becomes -
1 f'^^ f' V'ix)-F . {x) = - - l dt I dx Pix,t) (3.50) 
•^ 't -'0 y 
Also due to the time dependent temperature, it is necessary to take time average along with 
the ensemble average to define the particle current. Further, in this model {x) will represent 
the time and ensemble average particle current but for convenience the representation is the 
same {{x)). As discussed previously in section (3.4) , we know that in a statically tilted 
ratchet model, a negative force F < 0 applied to the system causes the particles to move 
downhill on the average, therefore one should expect a particle current (x) < 0 but this 
whole case is true only when the temperature T is static i.e. independent of time. But when 
temperature becomes time dependent, the situation becomes somewhat different. Obviously. 
in this case also one expects that a force F < 0 causes to a particle current (i:) < 0 and 
vice-versa. But numerically calculated load curve [14] shown in figure 3.4 indicates that the 
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particle current behaves in quite opposite manner. The load curve clearly indicates that even 
a negative force F < 0 is applied to the particle, however we get a positive particle current 
(x) > 0 or we can say that the particles are climbing uphill on the average by performing 
work against the load force F. The work done against the load force can have no other origin 
than Gaussian white noise ^ (t). This is what is called as P"^''-'!''^ i-w-x^ Since the average 
particle current often depends on the load force F, for a qualitative analysis let us consider 
the case for F = 0 then mathematically, ratchet effect can be defined as— 
F = 0, {x)^0 (3.51) 
"i.e. the unbiased Brownian motor implements a particle pump." 
The load curve (3.4) shows that there is a particular value of F, which exactly cancels the 
ratchet effect \.e.{x) = 0, this force is called as the stall force or stopping force. 
3.4.2 Working Principle of Temperature Model 
To understand the basic physical mechanism behind the temperature ratchet, we consider 
the periodic temperature oscillations given in eq. (3.48). Here it is assumed that the 
temperature modulations f{l — A) and T{l + A) are much smaller and larger than AV 
respectively and the time period of oscillations is sufficiently large. In the first time interval 
[T/2, T], the thermal energy hgT^t) has a constant value /Cgf (1 — A) that is very small 
compared to the potential energy barrier AV between the two neighboring local minima of 
the ratchet potential V(x). Therefore during this time interval particles do not have 
sufficient thermal energy to cross the barrier height and becomes accumulated near a 
minima of the potential at the end of this time interval. In another half time interval \T. 
3T/2] the thermal energy switches to the value /Cgf (1 + .4) which is very large in 
comparison to the barrier height AV. In this situation the particles do not feel the potential 
and diffuses freely along the potential. Finally, the temperature returns to its previous lower 
value f (1 — A) that causes the lower thermal energy felt by the particles and therefore the 
particles starts to slide downhill to their nearest local minima of the potential. Since the 
ratchet potential is asymmetric, the distribution of particles among the left and right nearest 
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minima is also asymmetric which gives rise to a net average particle current after one time 
period T. 
0.D4 
0.02 
A 
•X 
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Figure: 3.4. Average particle current(i:) as a function offeree F for the temperature ratchet 
model (3.45), (3.46), (3.48) in dimensionless units. The time- and ensemble averaged 
current (3.50) has been obtained by numerically evolving the Fokker-Planck equation (3.49) 
with the parameter values y = L = T = k^ = l,Vo = 1/271, f = 0.5,/l = 0.8 [141. 
For the case of the ratchet potential considered in the figure 3.1, it is clear that there is only 
one maximum and one minimum in the one period L. Since the local minimum is much 
nearer to the adjacent maximum to the right in comparison to that towards left, net particle 
current arises towards right (positive) i.e. (x) > 0. In an another way, it is clear from the 
figure 3.5 that during the time interval [T, 3T/2], the particles have to diffuse along a larger 
distance towards the left while a smaller distance the right that leads to a net transport 
towards right. 
A qualitatively similar behavior is observed for more general temperature modulations T(t). 
provided that these are sufficiently slow. Furthermore, the ratchet effect is also robust with 
respect to the modifications of the potential shape [49]. 
49 
P(x . t ) 
ItJU. 
V(x) 
/ " ^ v X^"^^^^\ y 
X X + L 
0 0 
Figure: 3.5. The basic working mechanism of a temperature ratchet (3.46) [14]. 
It has been suggested in [52] that the microorganisms, living in the convective hot springs 
may e able to extract energy from the temperature variations which they experience and the 
temperature ratchet is a simple mechanism which can do this job. Then, finally it is known 
that certain enzymes (molecular motors) in living cells are able to travel along polymer 
filaments by hydrolyzing ATP. As discussed earlier, interaction between molecular motor 
and filament is spatially periodic and asymmetric and the thermal fluctuations play a 
significant role on small scales. The hydrolysis of an ATP molecule may be viewed as 
converting a certain amount of chemical energy to heat, thus we get all the essential 
requirements to represent a molecular motor by a temperature ratchet. 
However, the modeling of molecular motors as a Brownian particle without any internal 
degree of freedom (apart from T(t)) and the ATP hydrolysis as a mere production of heat is 
a gross oversimplification from the biochemical point of view. Still, the model ma) be 
acceptable as a primitive sketch of the basic physics of molecular motors. Also the 
quantitative estimates for in [54] indicate that the temperature variations are not sufficient to 
account for the observed travelling speed of molecular motors [49]. 
3.5 Non equilibrium Regime: Far from equilibrium 
In the previous section, we have seen that the non equilibrium steady state systems (many 
small systems like molecular motors) have a non zero value of macroscopic current J. 
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Therefore, the detailed balance symmetry (A symmetry condition that is followed b> the 
systems in thermodynamic equilibrium and implies a zero value of net local current between 
two configurations) is broken in these kind of systems. In general, an equilibrium state of 
the system is given by a Boltzmann- Gibbs law which satisfies detail balance condition. 
Unlike, the case of an equilibrium state there is no general theory for non equilibrium 
statistical mechanics, but some general results for these systems have been obtained in the 
last decade. Collectively, these results are termed as the Fluctuation Theorems [FTs]. There 
are various FTs [5,6,57,58,59,60] derived by several different researchers that differ by the 
details of system's dynamics (stochastic or deterministic), nature of the thermostat and 
initial conditions (equilibrium or non equilibrium steady states). 
In 1997, Jarzynski [6] developed a relation between non equilibrium work and free energy 
which is now known as Jarzynski Equality. It represents a new result beyond classical 
thermodynamics. According to a fundamental statement of classical thermodynamics, the 
work done on the system in contact with a thermal heat bath at a temperature T satisfies the 
following relation— 
(W) >Fs-F^=AF (3.52) 
where FA is the free energy of the initial state and FB, that of the final state. < ... > denotes 
the average work done on the system taken over a number of experiments. 
The classical relation (3.52) reveals a lot of information about equilibrium and non 
equilibrium processes. The work performed on the system is meant by changing some 
external parameters of the system with respect to time e.g. external field, pressure or volume 
of the space. These parameters are varied infinitely slowly along a fixed path from a point A 
to point B then the total work performed on the system is exactly equal to the equilibrium 
free energy difference between initial and final states A and B, respectively. Therefore, the 
equality shown in eq. (3.52) refers to a reversible process as the parameters are changed 
infinitely slowly (quasi statically). In contrast to the above situation, when parameters are 
changed along the same fixed path at a finite rate, then the work performed on the system 
depends upon the initial conditions of the system and its surroundings. On the average, this 
work done exceeds the equilibrium free energy difference AF. This result is shown in the 
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form of an inequality eq. (3.52). The difference {W) - AF is equal to W^i^s (dissipative 
work) that corresponds to the increase of entropy during an irreversible process [6]. 
W^i,s = iW)-AF (3.53) 
For a reversible process, W^iss = 0 or {W) — AF which is a form of the second law of 
thermodynamics in terms of free energy and work. 
Later on, about one decade ago, Jarzynski noticed that this classical relation (3.52). well 
known from 19"^  century, can be obtained by an identity valid for both equilibrium and non 
equilibrium systems. This identity is called Jarzynski Equality (JE). It relates the 
exponential average of the work done (W) on the system taken over an infinite number of 
repeated non equilibrium experiments, to the equilibrium free energy differences Af 
between the two equilibrium states [15]. 
The average in this equation is taken over a non equilibrium ensemble of individual 
trajectories. It is to be noted about JE that this relationship is in the form of equality while 
most of the statements relating equilibrium and non equilibrium quantities are expressed in 
the form of inequalities. Another important point about JE is that ensemble average of 
(^Q-w/kBT^ is independent of path in going from A to B as well as the rate at which the 
parameters are varied (how quickly or slowly the parameters are changed). 
To have equality (JE) (3.54), there must be some individual trajectories that do not satisfy 
the inequality in (3.52) or alternatively, it can be said that there must be some trajectories 
that follow-
W <AF 
Such specific trajectories are known as the 'transient violations' of the second law of 
thermodynamics that corresponds to the large fluctuations in work or sometimes called as 
non equilibrium trajectories. For the macroscopic systems these trajectories are irrelevant 
and unobservable but for the case of small systems where the energies involved are of the 
order of a few keT, these trajectories are very important. Even though there are some non 
equilibrium trajectories, the second law is not violated because this law talks about the 
averages and does not say anything about the individual behavior. The most remarkable 
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feature of JE is that using this equality one can extract the equilibrium information 
(equilibrium free energy difference between initial and final states) from the non 
equilibrium measurements, which is practically very important [15]. 
A rigorous proof of Jarzynski Equality is presented in [6] where a finite classical system is 
considered to be in contact to a heat reservoir. In this work, Jarzynski showed that 
exp(— W/kgT) is independent of both the path between the points A and B and the 
switching time in going from initial state to final state. Also the derivation of eq. (3.54) is 
based on the assumption of weak coupling between the system and the reservoir. 1 he 
experimental verification of JE was made in year 2002 by mechanically stretching a single 
molecule of RNA. The stretching was made in both ways reversibly and irreversibl> 
between its folded and unfolded states [55]. The reversible and irreversible processes occur 
when the polymer is unfolded slowly and rapidly, respectively. 
Jarzynski equality can be seen as a consequence of a more generalized FT for a stochastic, 
microscopically reversible dynamics [5] given by Crooks which is more precise than 
Jarzynski relation. This is called as the Cooks Fluctuation Theorem (CFT). CFT predicts a 
symmetry relation in work fluctuations when a system is driven away from equilibrium by 
applying some external perturbation. This theorem is based on the assumption that the 
dynamics of the system is microscopically reversible and therefore it gives rise to a better 
understanding of non equilibrium physics of small systems. 
Let Pp(VK) denotes the probability distribution of the work done on the system during a 
forward process and analogously PR^—W) is the probability distribution during the reverse 
process. Then these probabilities satisfy the following identity— 
PpiW) /W-AF 
— exp 
The above relation is known as CFT. 
From the above identity, JE can be derived as following [15] — 
= je-^/XsT p^(_i^) exp(^^^^^ dW 
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Here, PK{—W) is considered as the normalized probability distribution. One of the most 
interesting feature of this theorem is to evaluate the equilibrium free energy difference by 
plotting the forward and reverse work distributions under non equilibrium conditions. The 
value of work done at which the forward and reverse work distribution curves cross each 
other equal to the free energy change in this process and does not depend on the non 
equilibrium conditions. 
An experimental verification of CFT under weak and strong non equilibrium conditions by 
using optical tweezers is made in [56]. In this experiment, the irreversible mechanical work 
has been measured during unfolding and refolding of a small RNA molecule. After, when 
CFT had been experimentally verified, it was frequently used to obtain folding free energies 
for various bio molecules unfolded through non equilibrium trajectories by determining 
crossing between the unfolding and refolding work distributions. In comparison of JE. 
where the equilibrium free energy difference can be recovered only for quite small 
dissipated works (less than 4/Cg7), CFT gives a better result to the free energies for work 
dissipations of to the order of 50 k^T [1]. 
Besides the Crooks Fluctuation Theorem and Jarzynski Equality, there are several other FTs 
[5,6,57-60] (Proposed by different scientists) that are valid for far from equilibrium regime. 
For example, Evans and Searles [57] proposed a FT for driven thermo stated deterministic 
systems that are initially in equilibrium while Gallavotti and Cohen [58] provided a Fl for 
thermo stated deterministic steady state ensembles. A derivation of a fluctuation theorem 
based on stochastic dynamics is presented in ref [59,60] by Kurchan. Lebowitz and Sophn. 
In general, the fluctuation theorems establish a relationship about the energy exchange by 
the system to the surroundings through a non equilibrium process. These theorems help to 
clarify the role of fluctuations in the operation of biological motors which is very significant 
for the design of artificial nanomotors operating far from equilibrium. The single molecule 
experiments provide the basis to the thermodynamics of non equilibrium biochemical 
processes [56]. 
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Chapter - 4 
Models for Molecular Motors 
The non equilibrium fluctuations, whether generated externally or by a chemical reaction far 
from equilibrium, can drive directed motion along an asymmetric structure without thermal 
gradients or net macroscopic forces. The systems operating under this principle are 
generally referred to as "Brownian Ratchets" and the transport in such systems is called as 
the "Fluctuation driven transport". Therefore, the Brownian ratchet concept seems to be 
most appropriate way to describe the mechanism of operation of molecular motors. This 
principle may also find applications in other fields, such as the particle separation or the 
design of nano-scale motors etc. 
As discussed in chapter I, in the context of fluctuation driven transport, the first step to 
explain it was taken by Feynman in 1962 through his ratchet and pawl arrangement. The set 
up of this Gedanken experiment (thought experiment) is described in the next section with 
its working mechanism. Later on. several qualitatively different models have been proposed 
for fluctuation driven transport. These ratchet models can be mainly listed into two 
categories - the first one, called as the pulsating ratchets, are those for which the non 
equilibrium fluctuations give rise to a time dependent variation of the potential shape 
without any change in its periodicity. In these models, usually the potential switches or 
flashes between an anisotropic and a flat potential therefore, these are also termed as the on-
off ratchets or the flashing ratchets. For this class of ratchets, the noise is very essential for 
transport and unlike temperature ratchet model (discussed in section 3.42), particles need 
not to climb over the potential barrier for generating currents. The second type of ratchets 
are called as the tilting ratchets in which the non equilibrium perturbations act as an additive 
driving force that changes the average slope of the periodic potential. Further, it is to be 
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noted that in these types of ratchets, the time average of the force acting on the particle is 
zero i.e. the additive driving force is unbiased on the average [14]. 
Unlike the situation in the above discussed ratchets it is also possible to obtain a 
unidirectional current in spatially periodic symmetric potential systems. These types of 
ratchets are known as the inhomogeneous or frictional ratchets [61]. In the inhomogeneous 
ratchets, one may get a unidirectional current in the presence of space dependent diffusion 
coefficient D{x) = kB7'(x)/y(x), which arise either due to the space dependent temperature 
T(x) or space dependent friction coefficient yix). The molecular motors are also believed to 
move close to the microtubules and, therefore, experience a space dependent diffusion 
coefficient. 
Further in this chapter, we have described a model for the two-headed motor by considering 
the two heads as the two nonlinearly coupled Brownian particles. This model explains the 
hand-over-hand type of motion of the motor particles. At the end, we have discussed a 
recent model for single headed KIFl A motors that takes into account the Brownian ratchet 
mechanism [14, 19] of individual KIFIA motors, along with its biochemical cycle. 
4.1 Feynman Ratchet and pawl — 
Feynman ratchet and pawl [13] is a Gedanken experiment for demonstrating the conversion 
of Brownian motion into useful work. The main components of this setup are a ratchet, a 
wheel-shaped circular saw tooth whose teeth are asymmetric (i.e. one face of each tooth is 
originated orthogonal to the circumference of the wheel while the other face is at an angle of 
inclination smaller than 90°) and a paddle consisting of blades like a windmill. This is 
shown in figure 4.1. The ratchet wheel and paddle are connected by a massless and the 
frictionless rod. This whole gadget is surrounded by a gas at thermal equilibrium. The gas 
molecules constitute a heat bath where molecules undergo the random Brownian motion 
with a mean kinetic energy determined by the temperature. Then, the ratchet can freely turn 
around performing the rotatory motion due to the collisions of the gas molecules with the 
blades of the paddle (it is to be noted the paddle and the ratchet wheel are considered so 
small to be affected by the impact of microscopic gas molecules). To rectify this unbiased 
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random motion, a pawl is placed near the ratchet that allows it to rotate only in one direction 
and restricts to move in the other direction. The pawl consists of a spring attached to a 
wedge (a piece of wood) so that the wedge can easily slide over the saw tooth when the 
ratchet moves in the forward direction while it blocks the ratchet to move in the backward 
direction because of the asymmetry of the saw tooth. Therefore, as a net effect of a proper 
coordination between the random collisions of gas molecules to the paddle and the pawl, the 
ratchet rotates continuously in the forward direction. The ratchet motion can be used as to 
do work on some other system for example, in lifting a weight against gravity. Here, 
possibly the energy required to do work would come from the heat bath without any heat 
dissipation. 
From the above experiment, at the first sight this machine clearly favours the violation of 
the second law of thermodynamics and thus it quite resembles to the Maxwell demon (a 
completely imaginary concept and never found in nature). Such a machine would contradict 
the following form of second law -
Ratchet 
/ / i 
/ X 
Pamd 
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y ' / / ^ " ' 
paddle 
Figure: 4.1. Ratchet and pawl arrangement [14]. 
"It is impossible for any device that operates on a cycle to receive heat from a single heat 
reservoir and produce a net amount of work." 
Feynman tried to look at the gadget more closely and found a number of deficiencies in the 
above idealized mechanism and put forward the following arrangement to resolve the 
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paradox of violation of second law. Feynman argued that the above working mechanism is 
no correct i.e. in spite of built in asymmetry, no preferential direction of motion is possible 
(in thermal equilibrium). Since the paddle and the ratchet moves by the impacts of gas 
molecules, these must be small enough and, therefore, the pawl must also be extremely 
small and soft to slide over the saw tooth. The pawl itself must undergo random fluctuations 
that cannot be neglected. So every once in a while the pawl lifts itself up, the saw tooth has 
a chance to move fi-eely and there is a certain probability of backward motion [13]. Finally, 
it is to be noted that at thermal equilibrium (the gas surrounding the paddle and the pawl 
being at the same temperature) the forward and backward motion of the ratchet wheel is 
equally likely. Therefore, one cannot extract usefiil work from this gedanken experiment. 
Later on, Feynman modified the experimental condition by considering the gas surrounding 
the paddle and the pawl at different temperatures. He imagined to put the paddle wheel in a 
box filled with a gas at temperature Ti and the ratchet and pawl in another box at 
temperature T2. This arrangement is shown in figure 4.2. If the temperature Ti is greater 
than T2, the thermal fluctuations will be more in the box of temperature T| and less in the 
box of temperature T2. This results that the more gas molecules would collide to the paddle 
but due to less fluctuations in pawl, it can prevent the backward motion efficiently and 
ratchet will move in forward (anticlockwise) direction continuously. While for the case 
when T2 is greater than Tj, there are violent thermal fluctuations in the pawl and therefore 
ratchet will move backward (clockwise) direction that is whenever these two boxes are at 
different temperatures we can extract usefiji work from this gadget. But now the second law 
is not violated as the work is being extracted from the non equilibrium fluctuations. 
However, if Ti = T2 i.e. thermal equilibrium, the situation will be like the previous one and 
one cannot extract the useful work despite the asymmetry of the system. 
In this way, Feynman's ratchet and pawl explained first time the usefulness of random noise 
to induce directed motion along with the asymmetry of the system. It is also obvious from 
the above description that the Feynman device needs a thermal gradient in agreement u ith 
the second law. 
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Figure: 4.2. Feynman ratchet and pawl arrangement with the paddle in the box at 
temperature T| and pawl in the box at temperature T2 [21]. 
Motor Protein as a Brownian Ratchet 
In the forthcoming sections, several types of ratchets are discussed to illustrate the working 
mechanism of various linear molecular motors, therefore, it is necessary to know how these 
motor proteins can be modeled as a Brownian ratchet. A motor protein is an individual 
nanometer size machine that travels along a biopolymer, then this motor protein can be 
considered as a Brownian particle and its interaction with the corresponding track gives rise 
to an asymmetric potential which is generally referred to as the "ratchet potential". The 
motor protein acts as a catalyst in the conversion of ATP into ADP with the release of 
energy about 20 kgT at normal intracellular concentration. This amount of energy acts as 
the required energy input to a Brownian ratchet to bring about the unidirectional motion 
along the ratchet potential. The ATP binding to and ADP release from the motor protein 
imposes the required non equilibrium fluctuations on the system that leads to the ratcheting 
of Brownian motion of a motor proteins [62]. Hence, all the essential characteristics of a 
molecular motor to act as a Brownian motor inside a living cell are present. 
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4.2 A Fluctuating potential ratchet model: 
This simple model closely resembles the mode of operation of molecular motors. The 
fluctuating potential ratchets belong to a class of pulsating ratchets. 
In general, the pulsating ratchets are governed by the following stochastic dynamics [14] -
yx = -V'ix(tim) + aO (+1) 
where for the random thermal noise ^(t), the fluctuation dissipation relation (3.6) is used. 
The potential V{x(t),fit)) is periodic i.e. V{x + L,f{i)) = V{x,fit}) and /(£) is assumed to 
be an unbiased time periodic function. A major subclass of pulsating ratchets is obtained for 
the fiinction /"(t) in eq. (4.1) and has the form— 
V{x,f{t)) = V{x)[l+fm (4-2) 
Such a model is called as the fluctuating ratchet model. In this model, the periodic potential 
is allowed to fluctuate between two states of potential characterized by the different barrier 
heights therefore; these are commonly known as the flashing ratchets. For the potential (4.2) 
the above equations (4.1) may be written as — 
Yx{t) = -V'{x{t))[\ + /(t)] + m (4.3) 
To have an understanding of the model, a simple example of switching potential is chosen 
where the function f{t) is restricted to fluctuate between two specific values +1 and -1 so 
the potential given by eq. (4.2) is either remains on or off. Therefore, this specific choice of 
the two values of fit) gives rise to an on-off ratchet model which is a special case of 
fluctuating potential ratchet model. A switching of ratchet potential between on and off 
states is shown in figure 4.3. The ratchet potential V{x) has one maximum and one 
minimum per spatial period L and potential between maxima and minima is much larger 
than the thermal energy k^T. 
A qualitative discussion of the motion of over damped Brownian particles moving along the 
given ratchet potential (figure 4.3) is as follows: The potential fluctuating between V„„ and 
Voff corresponds to an asymmetric saw tooth like potential for a time to„ and to a constant 
(flat) potential for a time interval tgff, respectively. For the potential in its 'on' state, the 
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particles are pinned in a well (minimum) situated at origin, a maximum probability density 
is shown in figure 4.3 (b) by a Gaussian distribution curve. 
For the case, when the potential is switched to its zero value (off state) for time toff, the 
particles diffuses freely and as a result the Gaussian density profile begins to spread with the 
passage of time centered around the minima at origin. If the potential is switched on before 
the Gaussian profile gets enough time to spread beyond the original well, the particle will 
return to its initial position. But if the period during which the potential remains off is 
sufficient for the spreading of Gaussian profile such that the Gaussian probability curve give 
rise to a non-vanishing tail which overlaps with the neighboring well on the right hand side 
of the original well of the ratchet potential. Then there is a small probability that the particle 
will move forward towards right when the potential is switched on. This rightward motion 
of the particles occurs mainly because of two reasons - (i) the time dependence of switching 
of potential, (ii) the spatial asymmetry of given ratchet potential. A net current towards right 
(or in positive direction) is just because the minima of the potential are closer to their 
neighboring maxima to the right than for left. For this specific asymmetric shape of the 
ratchet potential the model is called as 'forward on-off ratchet'. Similarly, a leftward current 
in place of rightward current may be obtained if the ratchet potential is chosen such that the 
minima of V(x) are closer to their neighboring maxima to the left. This process of 
sequentially flipping of potential between on and off states is continued and in the long time 
limit, gives a net flow of particle current to the right side. 
For the more general cases in this type of ratchets, the amplitude modulations fit) are not 
restricted to the two values ±1. Alternatively, it can be said that the time dependent potential 
V(x)[l + fit)], to which the Brownian particles are subjected, has always the same shape 
but its amplitude changes with time between two or more values. Further, the current also 
gets effect by whether the flipping rates of the potential are very fast or very slow with 
respect to diffusion. For the very fast flipping rates, the particles neither have enough time 
to reach near a local minimum of the potential !{,„ nor these can diffuse freely under the 
influence of a flat potential. However, because of the asymmetry of the potential V^^ the 
particles experience a drift towards right (positive direction) but the speed of transport 
becomes low. In this situation, it appears that the particles are subjected continuously to an 
average potential. 
61 
Rm chet potential 
/ ON 
.Particle di^ribi Mon 
y OFF 
ON 
Figure: 4.3. The Flashing ratchet model [25]. 
On the other hand, for a very slow switching rate, the particles have enough time to reach a 
local minimum when subjected to Von ^nd^ when these are exposed to V^ff, may travel large 
distances under the free Brownian motion. This latter part reduces the net amount of current 
towards right as now particles have enough chance to go towards left. However, because of 
the asymmetry of Vo„ the particles still experience a drift towards right. 
\.u - X F, o;nl 
^ off - X Klo.ol 
Figure: 4.4. A Flashing ratchet with a load force Fig^d [21]. 
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As mentioned earlier, that the ratchets extract energy from the random thermal fluctuations 
and generate an ordered motion. To use a ratchet as an engine, it is necessary to emplo\ its 
systematic motion to do some work. This can be achieved if ratchet lifts a load. Thus, for 
the ratchet to perform some work, a small force (called load) has to be applied opposite to 
the direction of current in the ratchet. This condition is just analogous to the molecular 
motors carrying cargo along the filamentary tracks [25]. Therefore, to discuss this situation, 
a load force Fioad 's applied to the particle. This is just equivalent to applying a slope along 
two potentials Vo„ and V^ff as shown in figure 4.4. If the applied load force is not too large 
i.e. less than the stall force, a motion to the right occurs despite the load force pushes the 
particles towards left. Finally it can be said ~ if a particle is subjected to only one potential 
Von along with the load force, it will move in the direction of load (i.e. towards left) but if in 
this situation, potential fluctuates between ¥„„ and Vgff, then the particles perform a 
rightward motion i.e. the switching between the two potentials leads to a directed transport 
in small systems such as molecular motors. 
4.3 Rocking Ratchet Model 
In case of flashing ratchet model, the potential fluctuates between the two states (on and off) 
generate a unidirectional flow of particles on the ratchet potential. Similarly, there is another 
approach that can drive the flow of particles on a saw tooth potential (ratchet potential) in 
one direction. In this model [63], a random time varying force (with zero mean) is applied 
on the given asymmetric and periodic ratchet potential (as shown in figure 4.5(a)) can be 
visualized as rocking (changing the slope) the potential back and forth between the limits 
±Pmax- When a force having same magnitude but different signs +F„,a^ and -F^^^x is 
applied, the motion of the particles on the average will be along positive and negative 
directions, respectively. For the saw tooth potential shown in figure 4.5 (a), the rocking of 
the potential due to the forces -Fmax and+FmaA; is shown in figures 4.5 (b) and 4.5 (c), 
respectively. The rocking may be either periodically or randomly in time. 
At a very low temperature, the particles are trapped in the minima of the potential as these 
do not have enough energy to overcome the potential barrier. When a fluctuating force of 
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the magnitude F^ax is applied to the potential, the particles remains trapped in a one of the 
trenches for the force -Fmax (fig 4.5 b) while the particles are capable of running down the 
potential barrier when the force Fmax is positive (fig 4.5 c). From fig 4.5 (b) and 4.5 (c) it 
may be noted that the current J for the force +|F^ aArl> 's not equal and opposite to the case of 
the force —iF^ aArL or mathematically, 
]i+\Fmax\)*-](-\Fmax\) (4.4) 
The above statement also holds for the finite temperatures. Hence, in case of rocking ratchet 
model the system acts as a nonlinear rectifier in the presence of zero average periodic or 
random force. A major difference between rocking and flashing ratchets is that — in a 
rocking ratchet, the direction of current is towards the steeper slope while it is towards the 
less steeper slope in the case of flashing ratchets. 
The efficiency values of energy transduction provided by the ratchet models discussed 
above (flashing, rocking, inhomogeneous etc.) are found to be very low. This is due to the 
fact that every time when potential changes, particles redistribute and try to adjust in the 
changing environmental conditions. It causes an unavoidable loss in the medium or in other 
words, the mode of operation of these ratchets is intrinsically irreversible. 
max 
max 
Figure: 4.5. Rocking ratchet model [25]. 
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A highly efficient flashing ratchet model has been proposed [25] by considering the hopping 
motion of a particle in a periodic asymmetric double-well potential which randomly 
switches between two states. In this model, the potential profiles of the states are identical 
but shifted by half a period. The basic idea behind the increased efficiency of such a model 
is the choice of appropriate potential profile ensuring the suppression of the backward 
motion. 
4.4 Chemically Driven Flashing Ratchet Model -
As the name suggests, this type of ratchet is driven by a chemical reaction and, therefore, 
may provide a good analogy to an actual molecular motor. 
To understand the working of the model, Astumian [63] has considered a negatively 
charged particle, E traveling along a periodic lattice of dipoles arranged in a head to tail 
manner. Such a periodic lattice of dipoles corresponds to one dimensional periodic and 
asymmetric potential which consists of a series of minima (wells) and maxima (barriers) 
alternatively as shown in figure 4.6. Since the particle is charged and the potential is due to 
the dipoles, the interaction between particle and lattice is purely electrostatic [21,63]. 
It is assumed that the given particle is an enzyme and act as a catalyst in the hydrolysis of 
molecule HS ^ H'*' + S~, where H^ stands for proton and S~ denotes the remaining part of 
the HS molecule. As H'^ and 5" are charged, the amplitude of potential barriers depends on 
whether the particle is bound to H'^ or S~. Therefore, we can say that the chemical reaction 
is coupled to the diffusive behavior of the particle along the dipole lattice. A three state 
hypothetical mechanism is shown in figure 4.6. 
In state 1, the charged particle E feels a saw tooth potential along with the dipole lattice and. 
therefore, situated near a minimum of the potential. In state 2, a HS molecule binds to the 
particle E but still particle (ESH) is negatively charged (as HS has no charge) and therefore 
is located near the minimum of the potential. The rate of attachment and detachment of HS 
molecule are /ci2 and ^21, respectively. At this stage, the chemical reaction occurs and the 
particle reaches to state 3 by dissociating S~ ion with a rate constant /C23. At this stage, 
particle (EH) being neutral experiences no dipole lattice potential and the particle diffuses 
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freely. Further, the dissociation of the H^ ion from the particle {I-:H) causes the system to 
return in its initial state 1 with a rate constant /cji while H^ can again attach to the particle 
with the rate constant ki2-
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Figure: 4.6. A chemically driven flashing ratchet model [63]. 
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For the specific mechanism discussed above, /f2i,/f23 and ksi are the first order rate 
constants which do not depend on the positions along the dipole while /Ci2, ^ 3^2 and /^ is are 
the pseudo first order rate coefiTicients that depend on the concentration of the reactants (W^ 
& 5~). Moreover, the concentrations of H'^ and S~ vary as a function of position on the 
dipole lattice (the concentration of W+ is greater near the negative ends than the positive 
ends of dipole and vice-versa for S' concentration), the rate coeflflcients A:32 and ki3 also 
depend on the position along the track (dipole lattice). If we assume that H+ and 5" are ver\ 
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small in comparison to the particle (enzyme)F, then their local concentration equilibrate 
quickly to the Boltzman distribution -
where symbol [.] denotes the concentration far away from the surface of the dipole lattice. 
For the chemical reaction occuring at equilibrium, a transition from state 3 to 2 is more 
probable near the positive end of dipole than for near the negative end. (as [S ] is relatively 
high at the positive end). In the same way, a direct transition from state 1 to state 3 is more 
likely near the negative end of the dipole in comparison to the positive one (as [H^ ] is 
relatively high at the negative end). Therefore, the net effect is that the transitions from 
charged to uncharged state are more likely near the negative end of dipole, while transitions 
from the uncharged to charged state are more likely near the positive end. Therefore, in this 
case the probability density of particle is distributed everywhere according to the Boltzman 
distribution which gives rise to the zero average velocity of the particle [63]. 
If the chemical reaction occurs away from equilibrium, the Boltzman distribution gets 
disturbed and the relation between the position of particle and the probability density does 
not necessarily hold. In the extreme case, where [H'^] = [S~] - 0 the direct transitions from 
state 1 to 3 and from state 3 to 2 cannot occur at all. In this situation, none of the rate 
coefficients depend on the position of the particle along the track. If the rate constants fc,2 
and ^23 are very large compared to the other rate constants then state 2 can be considered as 
a steady state intermediate and may be neglected [21]. In this case the coupling between 
chemical reaction and diffusion of the particle will behave like the flashing ratchet model as 
discussed in section 4.2. 
The transport behavior of the particle E can be found by solving the reaction diffusion 
equation (with periodic boundary conditions) [21] -
dpi{x,t) _ d 
dt dx 
V'iix) 
Pi(x,t') + D dx^ 
+ 2 ^ (kjipiix. t) - kijpiix, t)),i = 1,2,3 (4.5) 
; = i 
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where Pi(x,t} is the probability of finding particle E in position x at time t in state i and 
Viix) is the potential at x in chemical state i. A numerical solution [63] of equation (4.5) 
reveals that the particle can move with a maximal velocity of several micrometers per sec. 
for the reasonable values of the rate constants. However, the mechanism shown in fig 4.6 is 
an extreme oversimplification to describe an actual molecular motor. It takes more than 
three HS molecules on average to produce a single step and less than 1 pN of applied force 
to stop the motion, that causes the low efficiency of the motor [21, 63]. 
4.5 A Model for a walker with two heads as two Brownian motors 
In this section, we review a model for a walker i.e. a two headed molecular motor (like 
Kinesin, Myosin etc.) The two heads of the motor are represented as two particles coupled 
nonlinearly through a bistable potential [64]. In particular, the aim to choose a nonlinear 
coupling between the two particles is that it provides a richer dynamics in comparison to the 
linear coupling. 
In the last few years, several authors have introduced diverse models [65.66] 
motivated by the experiment data obtained for two headed Kinesin motor. Most of these 
consider the two heads as two coupled particles on a ratchet potential. In these models, a 
linear coupling between the two particles have been considered which implies that the 
particles cannot alternate their position i.e. if we label the particles as 1 and 2, the order of 
the particles will always be same during the motion. 
Later on, it was found that the kinesin motor moves processively in an alternating manner 
i.e. by changing the order of its two heads. This type of walking is called as hand over hand 
motion. The model discussed here is inspired by the walking of motor proteins like kinesin 
on microtubules. To explain the hand-over-hand motion, Mateos et.al. [64] considered a two 
headed motor moving on an asymmetric ratchet potential, that corresponds to the 
microtubular track. The system of two nonlinearly coupled particles (through a bistable 
potential) is subjected to two independent white noises acting on the two particles and a 
common external harmonic force. Then the over damped Langevin equations for the two 
particles represented as x and y are given by -
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d d , 
mYX = - — V(^x)- — Vhix - y) + myV2Dfi(t) + F^ sin(/2t + (p) (4.6) 
ox ox 
^yy = -^Viy)- — Vi,ix - y) + myV2D(2a) + F^ sm(nt + cp), (4.7) 
oy ay 
where m is the mass of each particle x and y, y is the friction coefficient, - —y(x) is the 
force due to the ratchet potential, - —Vb(x-y) is the coupling force due to the bistable 
potential yj,(x —y)and F^ sin(/}t + <p) is the common external harmonic force with three 
parameters: the amplitude force F^, the frequency D and the initial phase q). Finally. ( i (0 
and ^2(0 3r£ two statistically independent Gaussian white noises acting on the particles x 
and y, respectively, whose intensity is given by the parameter D. 
The periodic asymmetric ratchet potential [67] is chosen as -
V(x) = V,-V„ 2n{x — XQ) 1 An{x — XQ) sin f- - sin 
L 4 L 
where L is the period of the potential i.e. V{x + L) = V{x) and the other constants are 
discussed later. The bistable potential is given by -
\x-yy 2(x-y)21 
(4.8) 
Vi,i.x-y-) = Vt, + V^ 14 12 (4.9) 
Here, Vj, is the amplitude of bistable potential that represents the coupling strength between 
the particles and 21 is the distance between the two minima. 
Further, the model calculations are performed by writing the equations of motion (4.6) and 
(4.7) in terms of dimensionless variables. Therefore, use is made of the ratchet potential 
with L as the characteristic length scale, inverse of the friction coefficient as the 
characteristic time scale i.e. T = 1/y and the characteristic force is mLy^. Then we may 
write the following dimensionless units: x' = x/L, x'o = Xg/L, y' = y/L, y'^ = yo/t . t' = yt. 
l' = l/L, n'=n/Y and D'^D/yL^. The equations of motion (4.6) and (4.7) in the 
dimensionless variables, after renaming the new variables again without primes, becomes--
x = - — Vix')--^Vbix-y) + ^ f2D^lit)+Asmint + (p) (4.10) 
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y = - — V{y) - — V^x - y) + V2D^2(0 + -4 sm(nt + cp) (4.11) 
5y oy 
where A = Fo/mLy'^, is the dimensionless amplitude of the external force. 
The dimensionless ratchet potential has the form -
V{x) = C - Ui^[sm2n{x - Xo) + 0.2S sin'^nix - XQ)] (4,12) 
where UR ^VRIVII^Y'^, and constant C =-L/R(sin27rxo + 0.25 sin 47rxo) is given by using 
the boundary condition V(0) = 0. Here, XQ is introduced in order to center the minima of the 
periodic potential on the integers [67]. 
The dimensionless bistable potential (4.9) is given by -
(x -y)^ 2{x-yY^ 
V^{x-y) = U^ 1+- (4.13) 
where Uh - Vi,/mL^Y^^ 's the dimensionless amplitude of bistable potential. 
The ratchet potential (solid line) along with the bistable potential (dashed line) and the sum 
of these two potentials (dotted line) is shown in figure 4.7. The resultant potential has three 
minima which corresponds to three equilibrium configurations: -1,0 and I. Here, we note 
from equation (4.10) that the coupling between the two particles through a bistable potential 
involves the variable (x — y). This variable can take positive, negative or zero values. 
For X — y > 0, the X particle is ahead of the y while for x - y < 0, the y particle is ahead of 
the X. Therefore, the transitions between two stable states (minima) of the bistable potential 
is related to an exchange of the order of the particles. The two minima in the bistable 
potential, representing the two stable states, are located at x — y = / and x - y = - / , when 
the distance between two particles is/. Hence, there are two equilibrium configurations in 
the bistable potential: x — y = / for x > y or x — y = - / for x < y. The local maximum at 
origin in the bisatble potential can become the third stable configuration at origin in the 
presence of ratchet potential which corresponds to the case x — y := 0 i.e. when the two 
particles coincide in the space. Thus, a state oscillating back and forth between two minima 
of the bistable potential can be considered or taken as the alternating (hand over hand) 
walking of the motor protein. Here, the possibility of alternating two heads of the motor 
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protein is a direct consequence of the nonlinear coupling (bistable potential) between the 
two particles (heads). 
-2 -1.5 -1 -0.5 0 05 1 15 2 
Figure: 4.7. The ratchet (solid line) and bistable potential (dashed line) for the motor particle 
(walker) in the case / = 1. The dotted line is the sum of both potentials [64]. 
However, the model presented here is not restricted to only hand over hand type of motion, 
it also provides rigid random walking (inchworm) where the two particles walk on the 
ratchet without exchanging their position. 
The dimensionless stochastic differential equations (4.10) and (4.11), define an important 
parameter r (= Ub/^/?) which is the ratio of the amplitude of the bistable and the ratchet 
potentials. To perform a particular type of walking, the motor has to overcome either one or 
both energetic barriers (bistable and ratchet). If it can overcome only the ratchet barrier, 
then it performs the rigid walking while if it can overcome both barriers, the motor particle 
can move by alternating the order of its heads. This particular type of nonlinear coupling 
resembles a little to the phenomena of stochastic resonance in which also a particle moves 
in a symmetric double well potential. Therefore, in an optimal situation aided b\ a 
stochastic resonance mechanism, the particle can transit very efficiently between two states 
in the bistable potential and at the same time, it moves optimally in the ratchet potential in 
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an alternating manner. This happens when the equilibrium distance between the particles 
coincide with the periodicity of the ratchet potential i.e. I = 1. 
To obtain the trajectories of motion of the walker (motor protein) the Langevin equations 
are solved numerically using a Runga-Kutta forth order algorithm. Further, the current has 
been calculated using the ensemble average velocity of the centre of mass of the motor. 
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Figure: 4.8 A typical trajectory of a walker moving along the ratchet. The solid line 
represents the x particle and the dashed line the y particle. The parameters are: A — 1.0. 
D = 0.1, n = 0.5,1 = 1.0 and r = 0.78 [64]. 
A typical trajectory of the motor movement along the track (solid and dashed lines) in figure 
4.8 for the two particles x and y are shown which implies that the two particles move 
together and hence the center of mass give rise to positive current. It is obvious from this 
figure that the two particles exchange their position on the track. 
Further, we note the variation in the current with respect to the several quantities like, noise 
intensity D, barrier heights ratio r and the distance between the two heads. Figure 4.9 
depicts the variation of current as a function of noise intensity D and notice that the current 
increases up to a certain value and then decreases. Another important point in this graph is 
that even at the zero noise, current is finite because of the large amplitude of the external 
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force. The variation in current with the increasing value of the barrier height ratio r is 
shown in figure 4.10. 
t 
o 
0.02 0.04 0.06 0.08 
^toise intensity D 
0.1 
Fig: 4.9 The current as a function of noise intensity D. The parameters are: A = 1.0. 
n = 0.5, / = 1.0 and r = 1.57 [64]. 
There are two separate curves for two fixed values of /: 1.5 and 1.0. For / = 1, current is 
almost constant while for I = 1.5, current decreases with the increasing value of r and even 
current can reverse the sign at the higher values of r. So from this graph, we obtain the 
current reversal as a function of the ratio of bistable and ratchet potentials. In figure 4.11. 
the current varies as a function of equilibrium distance between two heads, / for the 
different values of r. Then, all the three curves in the figure show that the current obtains a 
maximum value when the value of Z is an integer or near to an integer. This implies that the 
motor can move through the ratchet in a very efficient way when each particle (head) is 
located near to a minimum of the ratchet potential while it unable to move efficiently when 
the distance I is in between the integers. 
Hence, the model discussed above, gives both types of walking styles which depends on the 
ratio of the barrier heights and the ratio of the equilibrium distance between the motor heads 
and the periodicity of the microtubular track. 
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Fig: 4.10 The current as a flinction of the ratio of the amplitudes of the ratchet and bistable 
potential barriers r. The dashed line corresponds to / = 1 and the solid line to / = 1.5. 
The parameters are: A = 1.0, D = 0.03 and fl = 0.5 [64]. 
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Fig: 4,11 The current as a function of the equilibrium distance between particles. /. The 
different curves correspond to different values of the ratio r. The parameters are: A = I.O. 
D = 0.03 and n = 0.5 [64]. 
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4.6 A Model for a Single-headed KIFIA motor 
In this section, we discuss a model specifically for a single headed Kinesin motor. KIFIA 
which has been introduced byNishinari ""^  " [68]. The movement of a single KIFIA motor 
was modeled earlier with a Brownian ratchet mechanism [14, 19]. In contrast to the earlier 
models [22,39] of molecular motor traffic which take into account only the mutual 
interactions of the motors, this model incorporates also the Brownian ratchet mechanism of 
individual KIFIA motor, including its biochemical cycle that involves the ATP hydrolysis. 
Biochemical cycle — The biochemical cycle [68] for a kinesin like molecular motor can be 
described with the help of states shown in figure 4.12. In this figure, four states K. KT, KDP 
and KD correspond to respectively, the bare kinesin, kinesin bound to an ATP molecule, 
kinesin along with the hydrolysis products (ADP and P) and finally kinesin bound with only 
ADP molecule. The experiments [69,70] revealed that the kinesin in K and KT states, arc-
strongly bound to the microtubule, therefore, both K and KT are called as the stronglx 
bound states and referred to as "state 1". Since KDP has a very short lifetime, phosphate (P) 
is released just after the ATP hydrolysis. The release of phosphate molecule transiently 
detaches the Kinesin from the track. This state is called the weakly bound state and referred 
to as the "state 2". Finally KD releases ADP and steps forward to the next binding site on 
the filament using the Brownian ratchet mechanism and hence returns to the state K. 
K — ? - * K T • K ] b p - = ^ - * K D - ^ r - * K 
ATP : P ADP 
state 1 ; state 2 
Figure: 4.12. The biochemical and mechanical states of a single KIFIA motor. On the left of 
the dotted line, KIFIA is bound to a fixed position on the MT (state 1), while on the right it 
diffuses along the MT track (state 2). At the transition from state 1 to 2, KIFIA detaches 
from the microtubule [68]. 
A single proto filament of the microtubular track is considered as a one dimensional lattice 
of L sites. These lattice sites correspond to the KIFIA binding sites on the microtubule. 1 he 
distance between two lattice sites is 8 nm which is the separation between two successive 
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binding sites on the track. Each kinesin is represented by a particle with two possible 
internal states denoted by indices 1 and 2. In other words, each of these lattice sites can be 
in one of three possible states: empty denoted by 0, occupied by Kinesin in state ! and 
occupied by Kinesin in state 2. Whenever a binding site on the filament is empty, the motor 
binds to it stochastically and then the biochemical cycle (mentioned above) undergoes. 
To understand the dynamics of the system, each of these sites is updated (picking up 
randomly) by considering the following rules with corresponding probabilities {o)^ dt. 
where co.^ is the rate constant for the process x) -
Attachment: 
Detachment: 
Hydrolysis: 
0 ^ 1 
1 ^ 0 
1 ^ 2 
( 2 ^ 1 
with a)a dt 
with (Oil d.t 
with o)}i dt 
withoj^dt 
Ratchet: | 20 ^ 02 withco^dtj 
. f 20 -*02 withco^dt) 
Brownian motion: <„„ „„ . , ,j 
(02 -^ 20 withoj), dt) 
It is possible to relate the rate constants Wy^, co^and o)i, with the corresponding physical 
process in the Brownian ratchet mechanism of single KIFIA motor. Similar to the flashing 
ratchet models [21,25], the motor feels a time dependent effective potential that switches 
between (i) a periodic but asymmetric saw tooth like potential and (ii) a constant flat 
potential, over each biochemical cycle. The rate constant oj^ corresponds to the rate of 
transition of potential from the form (i) to (ii) that takes place soon after the ATP 
hydrolysis. The transition from (ii) to (i) happens when ATP attaches to a bare Kinesin [69]. 
The rate constant (Oi, in state 2 of the motor corresponds to the Brownian motion the free 
particle subjected to the flat potential (ii), while the rate constants w^  and w^ are 
proportional to the overlaps of Gaussian probability distribution of the free Brownian 
particle with the original well and the well immediately next to the original well of the saw 
tooth potential, respectively. A schematic description of these transitions is shown in figure 
4.13. 
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Figure: 4.13. A schematic description of the model introduced in ref. [68] for a single-
headed kinesin motor KIFIA. The symbols..., i - l , i, i + 1, ... label the motor-binding 
sites on the microtubule track. The allowed transitions are indicated by the arrows together 
with the corresponding rate constants, i.e., transition probabilities per unit time. 
Further, it is considered that the probabilities of finding a KIFIA molecule in states 1 and 2 
at lattice site i at time t are r, and /;,, respectively. Then, in the mean field approximation 
the master equations for the dynamics of motor in bulk of the system are given by [68] -
dhi 
— = -co^hi + oj^rj - a)fh,il - r^ +i - /i^+i) - (^b/i,(2 - r^ +i - /i;+i - rj^i - h,_i) 
- h a j b ( / i i _ i - l - / i ( + i ) ( l - r , - / l i ) 
Good estimates for the parameters of the model are extracted from the experimental data 
[69,70]. Each time step is assumed to 1 ms [68] and each simulation has been performed up 
to 1 minute which provides the parameters — the detachment rate a)^ ^ .0001 ms"'^ 
independent of kinesin concentration, oi^, which depends on the kinesin concentration could 
be in the rang 0.0001 < co^ < 0.01 ms-^ for the kinesin concentration between 
10 to 1000 nM. Similarly,ajb ~ 0.6 m 5 " \ oj^  ^ 0.145 m s " \ w^ ~ 0.055 ms~^ and 0 < .^ ^ < 
0.25 m s - \ 
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The experiments performed on single molecule KlFl A have yielded the following data --
(i) V, the mean speeds of kinesins, is about 0.2 nm/ms if ATP concentration is sufficient 
and it decreases with the lowering of ATP concentration, 
(ii) D/v -190 nm, irrespective of ATP concentration, where D is the diffusion constant, 
(iii) T, the mean duration of the movement of kinesin on the microtubule is more than 5 s. 
irrespective of ATP concentration. 
ATP (mM) 
oo 
0.9 
0.3375 
0.15 
ajh( l /ms) 
0.25 
0.20 
0.15 
0.10 
V(nm/ms) 
0.201 
0.176 
0.153 
0.124 
D/v (nm) 
184.8 
179.1 
188.2 
178.7 
T(5) 
7.22 
6.94 
6.98 
6.62 
Table 1: Transport properties of single-headed kinesin, at four different concentrations of 
ATP molecules, obtained from computer simulation of the model introduced in ref [681. 
In the limit of low density of the motors, the single molecule properties (discussed above) 
have been calculated from the simulations of the model [68] (shown in Table 1) and are 
found in quantitative agreement with the corresponding empirical data from single molecule 
experiments. 
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Chapter 5 
Cooperative Cargo Transport by Several 
Molecular Motors 
As discussed earlier in chapter 2, it is icnown that the cytoskeleton motors perform active 
movements along the cytoskeletal filaments and transport the vesicles, organelles and other 
types of cargo in biological cells. During the last decade, electron microscopy and single 
particle tracking experiments have been used to observe that most of the cargo transport 
inside the cells (in vivo) is accomplished by several molecular motors instead of one. Such 
a cooperative transport has two important aspects. First, the force generated by a single 
cytoskeletal motor is rather small (of the order of pico-Newtons) while larger forces can be 
generated if a number of motors or several motors are attached to same cargo. This is 
necessary for the fast transport of large organelles through the cytoplasm which is a highly 
viscous medium. Another important consequence of this cooperative action is that it 
increases the run length of cargo particle since this particle continues to move along the 
filament unless all motors unbind simultaneously. As long as the cargo particle remains 
connected to the filament through at least one motor, all unbound motors can rebind to the 
filament rather quickly as these are prevented from diffusing away from the filament. It has 
also been shown in vitro motility experiments [27] that the cargo particles pulled by man\ 
motors can switch tracks, i.e. can move from one filament to other, and hence can achieve 
huge walking distances which exceed the length of a single filament. 
In vivo, the intracellular transport of various types of cargo particles is found to occur in 
two ways. In some cases, this transport is undirected when all the motors that pull the cargo 
belong to the same motor species. While in many other cases, the cargo particle is 
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transported in a bidirectional manner which imphes that the particle is pulled by two 
different motor species which move in opposite direction on the same filament. In this 
chapter, we discuss only the unidirectional transport of a single cargo particle by one team 
of N identical motors. As compared to a single motor, a cargo particle attached to N 
identical motors exhibits a run length that increases strongly with the number N. 
5.1 Unidirectional transport by one motor species 
In this section, we are interested in the movements of molecular motors for length that 
exceed the run length of a single motor. First we discuss some of the properties of single 
motors that are relevant here. These properties includes mainly the average velocity of the 
bound motor, the unbinding rate of motor from the filament and the binding rate of motor 
to the filament. 
5.1.1 Average velocity of a bound motor 
A single motor bound to a filament, moves along the filament with an average velocitx v. 
In general, the average velocity v depends on the load force F. With increasing load force, 
the velocity of the bound motor decreases and vanishes at the stall force F — F^ and 
reverses its direction for the forces greater than the stall force. This force-velocity 
relationship can be represented in a general form — 
V(F) = Vfil - F/F,) for 0<F <F, (5.1) 
with the forward velocity Vf = V(F = 0) and 
V(F) = Ub(l - F/F,) for F, < F (5.2) 
with the backward velocity scale v^ « Vf. Thus, the stall force may be regarded as the 
largest force generated by the motor. 
For conventional kinesin, the stall force F^ has been experimentally measured by several 
groups [71]. It has been found to vary between 5.5 and 7 pN depending on the ATP 
concentration. The zero force velocity Vf is of the order of l^s and the backward velocity 
scale Vt, is about 6nm/s. 
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5.1.2 Run length, unbinding and binding rate 
A single motor bound to a filament unbinds from it because of the thermal noise of the 
environment and can be characterized by an average run time or binding time (At). The 
corresponding unbinding rate of the bound motor is defined as ~ 
a>„ff = l / (At) (5.3) 
Then, the average run length of the motor may be written as— 
(Ax) = i;(At) (5.4) 
In the presence of external force F, the unbinding rate of the motors depends on this force 
and have the general form [72] — 
oJoffiF) ^ K^ffSxpiF/Fd) (5.5) 
where K^ff is the zero-force unbinding rate and F^ is the detachment force. 
An unbound motor diffuses in the surrounding medium and rebind to the filament when 
comes close to it. The corresponding binding rate C0o„, which is equal to the number of 
motors binding to a single filament site per unit time, depends on the local concentration of 
unbound motors [72]. 
Further, to discuss the unidirectional motion of a cargo particle, klumpp '"^"'^  [711 
considered a single cargo particle with N motors, which are firmly attached to the cargo 
particle as shown in figure 5.1. Since each motor has a finite run length and run time, the 
actual number ' n ' of bound motors (bound to the filament) is not constant and varies with 
time between 0 and N, le 0 <n< N. Thus, including the unbound state with n - Q. the 
cargo can be in (iV + 1) different states (n) which are distinguished by the number of 
bound motors. 
If the cargo particle is in state (n), the unbinding of one motor corresponds to the state 
(n — 1) while the binding of the one motor leads to the state (n + 1). The transition from 
state (n) to (n - 1) occurs with unbinding rate C0n,n-i^ similarly the transition from state 
(n) to (n + 1) occurs with binding rate <Wn,n+i-
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Figure: 5.1. A spherical cargo particle is transported cooperatively by N molecular motors 
along a filament with N = 4. 
Then the probabilities P„ = Pn(t) that the cargo particle is in state (n) at time t evolve 
according to the master equation [71] — 
a*^n — Pn+l^n+l,n + Pn-l^n-l,n ~ ^n^n.n+l ~ Pn^n,n-l (5.6) 
In the steady state, the probability distribution P„ = P„* s^atisfies the relation — 
Pf^lO)n^l.n = PfcOn.n^l fOT 0<n<N-l (5.7) 
This relation gives the detail balance between states (n) and (n + 1) and tells that all the 
movements of the cargo particle begin and end with n = 0 and that every transition from 
(n) to (n + 1) implies a backward transition at some later time. It is also assumed here that 
the binding and unbinding rates of motors are independent of the transition rates. 
5.1.3 Dilute motor regime 
In the dilute regime, the motors do not interfere with each other while being attached to the 
same cargo. Then the transition rates w„n-i and a)„„+i have the following simple form 
[71]-
^n,n-i = noioff and w„,„+i = (/V - n) Won (5.8) 
where the factors n and (N — n) arise due to various different probabilities of unbinding 
and binding a motor while the cargo particle is in state (n) and (Ooff and io^n are the 
unbinding and binding rates of a single motor. In the dilute regime, the binding rate Wo„ is 
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proportional to C^ff, effective motor concentration [72] between the filament and cargo 
particle and has the form — 
(^on = KonCeff (5-9) 
where K^n is the binding rate constant. 
Klumpp "^^ "^ [71] have used the parameter values for kinesin motors as given in table II 
to determine the transport properties of cargo particle pulled by N kinesin motors. 1 he 
model presented in ref [71] with rates as given by equation (5.8) has the three parameters: 
the velocity v, the unbinding rate Woff and the binding rate a)o„. 
For the parameters given in equation (5.8), the average number of bound motors is given 
by [ 7 2 ] -
( „ ) = _ & ± i ^ ^ ^ ) ! l _ A f (5.11) 
(l + k^ff) -Kff 
where average is taken over all bound states of the motor and the desorption coefficient 
koff = (J^off/^on- The relation (5.11) leads to a simple asymptotic behaviour (n) ~ 
N/{l + fco//) fof '^ fge /v. For strongly binding motors with u)off/(J^on << 1' the average 
run length of the cago particle is provided by [72]— 
which increases exponentially with increasing number of motors. If the cargo particle is 
pulled by up to N kinesin motors with koff — 0.2, equation (5.12) leads to the value 
(AXjji) ^ S^~^/N micrometers which implies that the seven or eight kinesin molecules 
(motors) are sufficient to attain an average run length in the centimeter range [72]. 
5.1.4 Force dependence of unidirectional transport 
In the absence of a load force, the noninterfering motors may unbind from and rebind to the 
filament in a statistically independent manner, but for the motion of the cargo particle 
against a constant external load force F that could be applied e.g. by optical tweezers 
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or 
other single molecule manipulation techniques, these noninterfering motors become 
coupled via cargo particle. 
Parameters 
Velocity 
Unbinding rate 
Binding rate 
Stall Force 
Detachment force 
Symbol 
V 
0)off 
0)nr, 
Fs 
F, 
Value for 
kincsin 
1 nm/s 
1/5 
5/s 
6p/V 
3pN 
Table II: Parameter values for single motors and values for conventional kinesin [71]. 
This force is shared equally between n bound motors i.e. Fj ~ F/n 
and induces an effective interaction of the motors, then the transport parameters of motors 
depend on the presence of the other motors. 
The velocity of a single motor decreases linearly with the force imposed against the motor 
movement [71]. Therefore, the linear force-velocity relation— 
''r,(F) = v{l-^) ,5.13) 
Since n changes with time in a stochastic manner, force F^  on each single motor also 
changes with time. Therefore, to understand the effect of this coupling between motors, 
one has to take into account the force dependence of the different transition rates. 
From equation (5.5), we have that the unbinding rate cDof^ of a single motor increases 
exponentially with the load force F. Thus, a single motor that feels the load force Fj = 
F/n unbinds from the filament with unbinding rate oioffiF) = K^ff exp{F/nF^) where 
Frf denotes the detachment force as discussed earlier. 
Then from equation (5.8), the transition rate from cargo state (n) to (n - 1) is given by 
^ n , n - l = (Baffin) = UK^ff e^'^'^A ( 5 1 4 ) 
Thus, all the unbinding rates increase exponentially with increasing load. 
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As long as the cargo particle is bound to the filament i.e.n > 1, the effective motor 
concentration Cgff which provides the binding rate cOgn of a single motor equation (5.9), 
cannot be reduced by load force F. Therefore, the force independent binding rate may be 
written 
^n,n+i = tOo„(n) = (/V - n)K^^ C^ff(F = 0) = (/V - n)aJo„ (5.15) 
which is similar to equation (5.8). 
The force-velocity relationships for cargo particles pulled by N motors are shown in figure 
5.2 (a). Even though force velocity curve is linear for a single motor, it is non linear for 
/V > 1, an effect that arises from the force dependence of the unbinding rate which implies 
that the average number of bound motors decreases with increasing force, (figure 5.2 (b)). 
The force dependent increase of the unbinding rate is also reflected in the corresponding 
decrease of the average run length which is approximately exponential with increasing 
force F for yv > 2 as shown in figure 5.2 (c) [71]. 
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Figure: 5.2. Transport properties of cargo particles pulled by up to N motors against a 
constant external load force F : (a) Average velocity v^ff: (b) Average number (n) of bound 
motors; and (c) Average walking distance {x^a). The chosen parameter values are for 
kinesin as given in table II [71]. 
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Chapter 6 
Summary 
In the present review work, we have discussed the behaviour of molecular motors that are 
found in a eukaryotic cell, from a physical point of view. In particular, many processes in a 
cell are carried out under nonequilibrium conditions. Since these systems are intrinsically 
microscopic, these are subjected to large fluctuations and, therefore, many cell processes 
such as protein synthesis, energy generation and catalysis are inherently noisy. It is quite 
remarkable that the cell somehow manages to coordinate these noisy processes. But such a 
coordination of these complex biological systems is still poorly understood. An 
understanding of the behavior of these systems requires applications of generalized 
nonequilibrium thermodynamic formalism that relates the thermodynamic quantities with 
processes involving both steady state and nonequilibrium states. 
The molecular motors that walk along cytoskeletal filaments - microtubules or actin 
filaments - exhibit several motility regimes that cover many length and time scales. The 
motor heads undergo cyclic sequences of conformational states by converting the chemical 
energy into the mechanical steps along the filament. At some larger length scales (few 
micrometers) which are greater than the run length of a single motor, the motor undergoes 
some peculiar random walks which consist of the directed movements along the filament 
interrupted by random, diffusive motion in the surrounding medium. These walks are 
generally observed for the long range transport of cargo particles such as in axons. The 
motor walks have been studied by mapping these to random walks on a lattice. The traffic of 
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molecular motors in axons has been analyzed by considering a single filament in a tube like 
compartment with periodic boundary conditions. 
The movements of molecular motors along the filamentary tracks have been discussed by 
the Brownian ratchet mechanism. The periodicity of the ratchet potential creates a simple 
connection to the quite uniform walks of molecular motors along the filaments which have a 
regular or even periodic structure. In this respect, Feynman's gedanken experiment became 
the paradigm for molecular motors and it led to extensive theoretical and experimental 
research in the field of biological molecular machines and noise induced transport. 
However, since Feynman's 'ratchet and pawl' motor is driven by the thermal gradients, its 
application to molecular motors is limited because thermal gradients over relatively larger 
distances are practically absent in biological systems. Later on, various modifications are 
made to the original ratchet idea to well describe the behaviour of molecular motors. 
We have briefly reviewed different ratchet models where the motor is considered as a 
Brownian particle moving on an asymmetric ratchet potential. But the efficiency of energy 
transduction by these different ratchet models (flashing, rocking, inhomogeneous etc.) is 
very low as compared to that of a biomolecular motor in vivo. A chemically driven ratchet 
model has also been described which incorporates the feature analogous to chemical 
kinetics. In this model, transitions along a chemical reaction are described in terms of rate 
constants that reflect the probability that the thermal noise will provide sufficient energy to 
overcome the energy barrier separating the chemical states. This model provides a 
rudimentary motor driven by a chemical reaction. It gives an oversimplification for the 
description of any actual molecular motor. A real biomolecular motor provides a more 
complex interaction between the motor and the track and a better regulated coupling 
between chemical and mechanical events. Further, some models were presented for two 
headed molecular motors (kinesins, myosins etc.) by considering the two heads of the motor 
as two linearly coupled Brownian particles. But this linear coupling implies that the order of 
the particles cannot change during the motion along the filament. Therefore, these models 
could not provide a satisfactory explanation to the alternative motion of the two heads of a 
motor. Later on, Mateos et. al. [64] presented a model considering a nonlinear coupling 
between the two heads (particles) of the motor which gives a satisfactory explanation to the 
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hand over hand motion of a motor particle. At last, we have discussed a recent model for 
single headed kinesin motor, KIFIA that incorporates the Brownian ratchet mechanism of 
individual KIFIA motors, including its biochemical cycle that involves ATP hydrolysis. 
The predictions of this model are in good quantitative agreement with the corresponding 
experimental data. 
The cargo transport in cells is often carried out by small teams of molecular motors as 
compared to the single motor molecules. The cooperative cargo transport may occur in two 
different ways ~ unidirectional (one motor species) or bidirectional (two motor species). We 
have discussed briefly the unidirectional cargo transport by several molecular motors of 
same species based on the understanding of single motors, obtained from single molecule 
experiments. 
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